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REPORT  1233 


SHOCK-TURBULENCE  INTERACTION  AND  THE  GENERATION  OF  NOISE  • 

By  II.  S.  ItiRNKK 


SUMMARY 

I 

Thf  interaction  of  a  conrected  field  of  turbulence  with  a 
xhock  ware  hax  been  analy::ed  to  yield  the  modified  turbulence, 
entropy  spottinexs,  and  noixe  yenerated  downxfreatn  of  the  ' 
xhock.  7'hix  analyxix  yenerali:ex  the  rexultx  of  Technical  '■ 
llejiort  1 1fl-i,  which  apply  to  a  xinyle  xpectrum  component,  to  , 
yire  the  xhock-interaction  efiectx  of  a  complete  turbulence  field. 
The  prerioux  report  .xolred  the  baxic  yax-dynamic  problem,  i 
a  nd  th  e  prexe  n  t  re  port  ha  x  added  th  e  n  ecexxa  ry  x  pectr  u  m  a  nalyxix . 

Fornadax  for  xpectra  and  correlations  hare  been  obtained  \ 
and  numerical  calculations  hare  been  carried  out  to  yield  \ 
curres  of  root-mean-square  celocity  components,  temperature,  , 
pressure,  and  noise  in  decibels  ayainst  Mach  number  for  the 
.\fach  nutnber  ranye  of  1  to^;both  isotropic  and  stronyly  arisym-  ^ 
metric  (la'eral  perturbations'lonyitudinal  perturbationx^Sdlt)  \ 
initial  turbulence  hare  been  treated.  It  was  found  that  in  ■ 
either  case  initial  turbulence  with  a  lonyitudinal  component  \ 
of  0.1  percent  of  .stream  relocity  would  yield  a  noi.se  pre.s.snre  ! 
lerel  of  about  120  decibels;  the  ralue  of  lateral  component  had  1 
relatirely  little  effect. 

The  present  results  are  applicable  quantitatirely  to  flow  in 
ducts  nr  channels  containiny  normal  .shocks;  they  are  pre.sumed 
to  proride  a  qualitatire  yuide  to  the  yenerafion  of  noi.se  by  the 
shock  .structure  in  a  supersonic  free  jet.  \ 

INTRODUCTION  | 

Tlip  propulsion  of  aircraft  by  means  of  jets  j;ives  rise  to  ! 
intense  noise  as  an  unfortunate  byproduct.  Projframs  of  ^ 
noise  abatement  are  under  way.  but  at  present  they  are 
largely  empirical:  even  with  the  general  guide  provided 
by  Lighthill's  theory  (ref.  1),  the  understanding  of  the  j 
mechanisms  of  noise  generation  is  far  from  complete.  It  i 
appears  from  both  experimental  and  theoretical  evidence,  | 
however,  that  the  interaction  of  turbulence  with  shock  waves  ; 
must  often  play  a  part.  On  the  theoretical  side,  the  genera-  | 
tion  of  noise  by  such  interaction  is  pointed  out  independently  ' 
in  references  2  and  ,'l.  The  shock-turbulence  interaction 
was  found  to  produce,  in  addition  to  the  noise,  an  entropy 
“spottiness”  aft  of  the  shock  (manifested  as  a  temperature 
and  density  spottiness  at  constant  pressure,  ref.  2). 

Turbulence,  entropy  spottiness,  and  noise  (pressure 
fluctuations)  are  examples  of  the  three  fundamental  modes 
■if  small  disturbance  perturbation  of  a  gas  (refs.  4  and  Tt): 
more  specifically,  the  categories  are  vorticity  mode,  entropy 
mode,  and  sound  mode.  The  vorticity  mode  (turbulence) 


and  the  entropy  mode  are  es.sentially  “froziui''  patterns 
(to  use  Koviisznay's  term)  that  are  convected  by  the  main 
flow;  the  sound  mode,  however,  consists  of  waves  that  pro¬ 
pagate  in  various  tlirections  in  additioti  to  being  coiwected. 

To  the  first  order  in  the  perturbation  velocity,  there  is  no 
tendency  for  the  modes  to  interact  or  for  an  isolated  mode 
to  spontaneously  generate  one  of  the  other  modes  (ref.  ,5). 
(The  weak  transference  of  turbulence  into  noise  described 
by  the  Lighthill  theory  is  a  higher-order  effect  (ref,  1 ).  i 
The  presence  of  a  shock  wave,  however,  provides  a  nu'cha- 
nism  for  a  very  strong  transference:  thus,  when  any  one  of 
the  three  modes — turbultmce,  entropy  simttiness,  or  noise - 
encoiintcTs  a  shock,  the  interaction  will  give  rise  to  all  three 
modes,  in  comparabh'  strength,  downstream  of  the  sh(»ck 
(refs.  2,  4,  and  (>), 

1'he  first  of  these  cases,  shock-turbulence  interaction,  has 
been  invi'sligated  al  the  XACA  Ijewis  laboratory  as  an 
outgrowth  of  reference  2  and  is  reported  heri'in.  The  anal¬ 
ysis  of  the  earlier  paper  was  concerned  with  a  single  spec¬ 
trum  wave  of  a  lurbtilent  field  and  was  primiu’ily  a  study 
in  gas  dynamics.  The  prescuit  paper  reformulates  the  re¬ 
sults  and  incorporates  them  in  a  spectral  analysis;  from  the 
analysis  come  the  quantitative  effects  of  the  interaction  of  a 
<‘onvecU‘d  homogeneous  field  of  turbulenci'  with  an  extended 
plane  shock  front.  (Sotne  results  of  this  work  are  reported 
in  abbreviated  form  in  refs.  7  and  8.)  The  perturbation 
velocity,  pre.ssure,  temperature,  ami  density  distributions 
behind  the  shock  are  describe<l  in  terms  of  fornndas  for 
their  .spectra,  correlations,  and  mean-stiuare  values;  these 
are  separat(Hl  into  the  respective  contributions  of  turbulence, 
entropy  spottiness,  and  noi.se. 

Numerical  calculations  are  presented  for  the  root-niean- 
square  values  of  the  pressure  (noise)  anrl  components  of  the 
temperature  and  velocity  perturbations  for  the  Mach  num¬ 
ber  range  of  1  to  a>  ;  otic  set  of  calculations  refers  to  iso¬ 
tropic  itiitial  turbulence,  another  .set  to  strongly  axisymmetric 
initial  turbulence  (lateral  perturbation.s, longitudinal  p(>rtur- 
bations  ~  ,86/1).  The  noise  pressure  level  is  also  presented 
on  an  acoustic  scale  for  sevei-al  levels  of  initial  turbulence. 

SHOCK  INTERACTION  OF  SINGLE  SHEAR  WAVE 
tU'AUTATIVE  DISCUSSION 

According  to  the  Fourier  integral  theorem,  a  turbulent 
velocity  field  can  be  represented  as  a  superposition  or  spec¬ 
trum  of  elementary  waves.  A  single  spectrum  wave  can  be 
interpreted  physically  as  a  plane  sinusoidal  wave  of  shear- 
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ing  motion  (o.  g..  n‘f.  »  portion  of  siicli  u  wiivo  is  shown 
in  perspective  in  sketch  (a): 


la)  Wave  (if  .shcariMK  mot  ion. 


A  similar  wave  cnconntcring  a  shock  is  sliown  sclienial  icull.v 
in  sketch  (h), 


Shocl* 

lb)  Convection  of  shear  wave  tlirounli  sluitk:  oiininal  inisieadv^llow 

protilein. 

the  wave  and  the  shock  being  viewed  "cdgc-on.”  'I'hc 
wave-shock  interaction  is  analyzed  in  reference  2.  anti  ' 
what  follows  first  is  a  brief  [ihysical  tieconnt  of  the  main  : 
results.  The  wave  is  stipposed  to  fie  convected  downstream 
by  the  mainstream  with  velocity-  f  i  so  that  it  passes  through  ■ 
the  shock.  The  passage  is  evidently  an  unsteady  proee.ss.  ! 
since  the  intercepts  of  the  inclined  lines  the  planes  of  ^ 
constant  phase  or  wave  fionts — move  downward  ahmg  the  i 
shock;  it  can  be  shown  that  a  sinu.soidal  disturbance  ripple  ■ 
will  move  along  the  shock  with  the  same  s|)ecd  1'. 

The  unsteady-flow  problem  may  be  treated  directly  (ref. 
4),  or  it  may  be  converted  to  an  e(iuivalen(  steady-flow 
problem  by  superposing  an  u|)ward  velocity  1’  (ref.  2). 
The  conversion  is  ilhistratetl  in  sketeli  (c); 


Shear 

and 

entropy 


Shock 

(<■)  Transformation  to  steady-How  prolilem  liv  superposition  of 
velocity  V. 


d’he  cro.ss  velocity  \  therein  has  tieen  chosen  so  that  the 
residtant  sti’eam  tcloeity  is  parallel  to  the  wa\c  fidiilsin 
the  shear  wave;  the  obseiver  then  sees  winil  appeals  to  be 
a  steady  sinusoidal  sheiir  llo«  passing  through  an  obliipie 
shock.  This  limy  lie  ealleil  the  eipiivelellt  oblnpie  shin  k 
(.\ddition  of  the  upward  velocity  \  ’  is.  id  Coin  sc.  eipmalehl 
to  transforming  to  a  moving  frame  of  n  ferenee. 

Downstream  of  the  slunk,  the  resiiltant  stieani  l!ow  i- 
deflected  according  to  I  lie  law  s  for  obliipie  shocks :  |  lie  s|  reani- 
lines  are  the  upper  lines  in  the  sket  -b.  The  \iiri  icily  of  ibe 
initial  shear  wave  is  convected  along  these  streamlines 
together  with  the  additional  vorlieity  generated  by  the 
shor-k.  'Pile  net  result  is  a  refract ed,  amplified  shear  ware 
alined  with  these  streamlines.  The  angle  id  refraction  i- 
just  the  angle  of  flow  deflcelion  of  the  obliipie  shock 

Siiper|)osed  on  the  refracted  shear  ware  is  an  entropy 
wave  of  the  same  itielinat  ion  and  ware  lei  jth  This  w  ;i  \  e 
arises  from  the  eonveetion  of  entropy  perturbations  gener¬ 
ated  at  the  shock,  precisely  as  the  shear  ware  lesnlls  from 
the  conveet ion  of  vortieity.  I'he  entropy  wave  is  tnanifesi ed 
physically  as  a  spatial  variation  of  temperature  and  density 
at  c.oii.'la‘d  pressure,  by  vitdue  of  the  eipiation  of  stale. 

The  nommitoi;.:  •, 'eh, city  in  the  shear  How  results  in  a 
nonuniform  pressure  jump  across  the  shock.  The  nllimale 
efl’eid  is  that  the  shock  front  diwelops  ripples,  modifying 
the  pressure  variations,  and  the  resultant  pressure  xariation- 
propagate  downstream  as  a  plane  sinusoidal  wave  flowei' 
lines  in  sketch  (e ) ). 

'I’he  eharaeter  of  this  wave  depends  on  whether  the 

rc.snltanf  velocity  11'  behind  . . piivaleiit  obliijiie  shock  is 

subsonic  or  stipersonie;  this  in  turn  depends  on  the  initial 
wave  inclination  through  1'.  When  11  is  supersonic,  the 
pressure  wavi'  is  a  plane  sinusoidal  sound  wave;  it  appears 
as  a  stationary  .Mach  w  ar  e  pal  tern  in  the  steady -flow  refer¬ 
ence  frame.  When  11  is  subsonic,  it  may  be  shown  that  the 
pri'sstlre  ware,  while  still  plane,  is  not  a  simple  sound  ware, 
but  rather  alleniiales  e.Nponeiil  ially  with  distance  down¬ 
stream  of  the  shock;  the  resullani  dislurhanee  \eloeily  is 
not  normal  to  the  wave  front,  and  the  wave  propagates 
relative  to  the  siiifounding  fluid  at  less  than  sonic  sjieed. 

Oli.cNTlT.vrivF.  niseessioN 

Elementary  wave,  rhiis  far  the  waves  have  been  dis¬ 
cussed  only  (|ualilalively  .  Elementary  speeirum  waves  of 
this  son  may  be  expressed  ipiant  it  at  ively  in  the  form 

i/o  i/^„i  111 

(All  symbols  are  defined  in  appendix  .\.l  The  warc-mnnhei 
vector  ih  is  directed  normal  to  the  wave  fronts  and  its  magni¬ 
tude  eipials  27r  wave  length.  The  wave  amplitude  is  given 
bv  the  complex  (pianlity  (//„.  When  a  stands  for  tempera¬ 
ture,  pressure,  density,  or  entropy,  tliesi'  are  simple  scalar 
waves.  When  a  stands  for  the  components  ii.  r.  ir  of  the 
vi'locitx,  ihesi-  an-  vector  wavi's;  two  cast's  may  then  he 
distinguished:  lh('  wavt's  are  either  irrotational  and  com- 
pre.ssible  (sound  waves)  or  rotational  and  incomprt'ssible 
(vortieilx  waves).  (See,  e.  g..  ref.  10.)  In  the  first  case 
(he  irrot at ifuiality  condition  curl  a  ()  rc(|uires  that  the 
velocity  g  and  wav('  vector  be  partillcl  in.  r.  ir  pro])orl ional 
to  /j,  /(•...  respectively);  the  sound  waves  ttri'  thus  longi- 
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tiuliiial.  Ill  the  sccoiul  I'asc  tlic  incoiiipri'ssiliility  coiulitioii 
iliv  a--0  riaiuircs  that  the  velocity  a  and  tin-  wave  vi'ctor  ^ 
he  pt'rpt'iidii'idar;  that  is. 

/*i  U  -f  A'sW'-  -  tt  (— ) 

'rims,  the  vortinity  waves  are  transverse  and  have  the 
eharaeter  of  a  shearinj;  motion  (see  sketch  (a));  in  the  dis- 
eiission  thei’  have  heen  refeired  to  as  '‘.shear  waves.” 

Geometric  reexamination  of  prior  results.  The  shoek- 
interaetioii  process  for  a  sinjjle  shear  wave  is  jiiviai  <|nanti' 
tatively  in  refereiii'e  2,  hut  the  results  are  formulated  in  two 
dimensions.  It  will  he  necessarv  to  ree.vamine  the  prohlem 
freoinetrieally  in  order  that  the  results  may  he  reexpressed 
in  three  dimensions. 

perspective  view  of  the  initial  shear  wave  in  the  new 
■f’l.  J'j-  .r;,-eoord inale  system  is  sliown  in  fijriire  I .  'I’he  portion 
of  the  shear  wave  shown  is  on  the  downstream  side  of  the 
shock  front,  which  is  identilied  with  the  .r...  j':,-l>lane.  A  plane 
passed  through  the  j|-axis  perpendicular  to  the  wave  fronts 
cuts  the  shock  in  the  line  Or.  At  a  jriven  instant  id'  time 
this  r,.  /-plane  correspomls  precisely  to  what  is  called  the 
J-.  (/-plane  in  reference  '2.  'I’he  an>rle  if  of  the  j,.  /-plane  with 
the  horizontal  is  then  the  third  cooi'dinale  in  a  system  of  I 
cylindrical  coordinates. 

In  reference  2  the  lime  was  eliminated  from  the  eipialions 
liy  cmphniiifr  a  frame  of  reference  moviiiir  with  a  velocity  1’ 
downward  aloii^  the  shock  front,  the  so-called  steady-flow 
frame  of  reference.  In  the  [iresent  paper  all  results  refer 
to  a  definite  instant  of  time,  f  —  t>.  'riius,  inolion  of  the 
reference  frame  pla.vs  no  part,  and  the  results  of  the  earlier 
paper  earr.v  over  to  the  jiresent  coordinate  system  on  simpl.v 


'i 


Klin  UK  2  I’rojfcl  i\  r  \  icw  nf  >l)eiir  wave  in  ri'lal  ion  lo  ri'fi  n  iu’i'  frame 

replaeino  jj/  hy  res|)ectively.  The  results  of  the 

transformation  arc  ^ivini  in  the  followinyr  sections  with  the 
disturhauces  reex])rcssed  in  nondimensional  form  according: 
lo  the  scheme 

//,  /'.  //•-components  of  velocity  perlurhalion  critical  s/ieed 
of  sound  //* 

//  —  pressure  j)erl uri/al ion  mean  static  ))ressure 
//•^-density  pert urhat ion  mean  density 
r -- temperal  lire  pert  urhat  ion  inean  tem|)eraf  lire 
I  III  addition,  there  are  other  minor  respects  in  which  the 
'  notation  has  heen  modilied  from  that  of  reference  2;  for 
!  example,  the  waves  are  expressed  in  comi)lex  form, 
i  Initial  shear  wave  initial  turbulence).  At  lime/  =  (l, 

:  the  velocity  field  of  the  initial  shear  wave  is.  in  cylindrical 
‘  coordinates, 

I  du  -  =  ' 

dr,  dZ.i"^'  -  Cf) 

dr,,-  dZ^,>"^-^  , 

where (/(/  is))arallel  tor,  (loiioit udinal  direction),  (/(v is  parallel 
lo  /’.  and  di\  is  perpendicular  lo  /'  and  in  the  direction  of 
j  iiicreasin*;  if  (see  lifts,  t  and  2).  The  wave-iuiinher  vec¬ 
tor  h  lies  in  the  j,,  /-plane,  makinij  an  aiiftle  0  with  the  r- 
axis, 

I  Refracted  shear-entropy  wave  (  ^  final  turbulence  and 
j  entropy  spottiness).  The  velocity  field  of  the  refracted 
j  shear  wave  (lift.  .'11  is 

//(/'  //Z,:/“''  dZ:^.VdZ,' 

(/(■;-- //z;c“"/  dzi^YdZr  ►  (4) 

(/('i  -  ilZ',,~ilZf 

at  timet  --0,  where is  the  new  wave-number  vector,  making 
an  angle  6’  with  the  r-axis.  The  radial  components  of  k' 


Kun  RK  1,  Pf*rs|M>ct ivf  virw  of  sht'ar  wave*  in  n*lation  to  roferonco 

fraim*. 


4 


KKPOIM’  rj.i.'S  .VA  I'IO.VAL  AIJMSOItV  COM-MITTKK  K)li  A  EH(>.\ A  I  TIO 


aiul  k  are  e<iiial  ami  the  further  depeudeiiee  of 

k'  oil  k  is  expressed  throujih  the  depemleliee  of  6'  on  6. 
Similarly,  the  complex  amplification  factors  .V  and  )'  de¬ 
pend  on  k  in  t(‘rms  of  d.  Expressions  for  .V,  and  d'  are 
given  iit  appendix  A. 

The  perturbation  pressure  dp'  will  he  zero  because  this  is 
again  a  shear  wave,  free  of  accelerations.  The  temperature 
perturbation  associated  with  the  compaition  (Uitropy  wave 
ffig.  ;{)  will  be 

dT'^dZy"”  dZ’,^TdZ,  (o) 

With  /)'  =  ()  (to  the  first  order),  the  dimensioidess  density 
perturbation  p'  will  be  just  the  negative  of  the  diinensionl<‘ss 
temperature  perturbation  r',  according  to  tlu'  linearized 
e<|uation  of  state.  The  form  of  the  function  T  is  given  in 
appendix  A. 

Aside  from  the  change  in  wave  inclination,  the  description 
of  the  rt'fracted  sliear-entropv  wave  in  terms  of  the  initial 
shear  wave  deptuids  entirely  on  the  amplilication  factors  A’ 
and  )’  and  the  function  7'.  Such  functions  play  a  nilc 
similar  to  the  "traitsfer  functions"  of  the  theory  of  servo- 
mechanisms  (ref.  ft),  and  it  appears  appro|)rinfc  to  cariA 
the  name  over  to  the  pn-sent  field. 

Generated  sound  wave  ( ^  noise  field).  -The  shear-entropy 
wave  downstream  of  the  shock  is  accompanied  by  a  plane 
irrotational  pressure  wave  (sound  wave)  of  different  in¬ 
clination  (.sei'  fig.  .5).  For  small  inclitiations  6  of  the  initial 
shear  wave,  this  pressure  wave  attenuates  ('xponeiitially  with 
distance  from  the  shock:  for  inclinations  greater  than  a 
certain  critical  valiii'  8,,  (see  appendix  Ai,  tlie  pressuri'  wave 
is  unattenuated.  The  critical  wavi-  inclination  8,,  corre¬ 
sponds  to  the  attainment  of  sonic  speed  in  the  mean  flow 
behind  the  ‘‘efiuivalent  oliliqtie  shock"  referred  to  in  the 
qualitalive  discussion. 

The  velocity  field  can  be  repre.sented  in  the  form 

dZl^xdZA 

dn^dZy^'-'  dZ:=rdZ„i  (ti) 

</z;=o  J 

where  k"  is  the  wave-number  vector,  making  an  angle  8" 
with  the  r-axis;  again  the  radial  com|)onent  matches  that  of 
F;  namely,  k,  —  k,.  The  sound-wave  angle  8"  and  the 
transfer  functions  x  and  T  are  specified  functions  of  the 
shear-wave  angle  8\  moreover,  for  x  ami  T  are 

functions  of  j-,,  showing  an  cx|)oncntial  decay  to  zero  as 

r,->co. 

The  pressure  perturbation  may  be  written 

dp"=:-dzy'-^  dz:=rdz„  (7) 

where  P^P(ii)  is  a  transfer  function  defined  in  appendix  A; 
like  X  and  T.  P  decays  exponenfially  with  i  for 
The  corresponding  density  and  temperature  jierturbations 
are  proportional  to  /)";  they  may  be  obtained  from  the 
isentropie  propertv  of  the  sound  wave  as  p" -  p" h  and 


Transformation  to  Cartesian  coordinates.  K.\|>rcssions 
for  the  Velocity  field  in  Cartesian  coonlinatcs  will  be  needed 
j  The  transformation  from  cylindrical  coordinates  is  etfcctcil 
:  by  means  of  the  relations 

dZ,  iiy.,  cos  If  -ilZf  sin  f 
dZif  dZ,  sin  f  1  dZf  cos  f 


where  primes  (  ^  refracted  shear  wave)  or  double  primes 
sound  wave)  may  be  insi'ited  thioughout  as  needed. 

The  transformation  results  in 


Initial  f  ,  ,t.,  I 

1  <  det  '  dZ„i  \  wJicjc  n  II.  r. 

shear  \ 

r  da'  —  dZ'ai where  the  l  alucs 
for  u.  r.  »' arc,  respectividy 


of  dz:. 


Final  J 
Shear  1 


dz:  xdz„ 

dZ:  -  VdZr  cos  vr 


dZ.f  sin  f 


y  iioi 


i 

I 


i 


1 


I 

I 


I 


dZ„  1’  dZr  sin  If  ’  dZf  cos  f 


(  da"  ~  dZ^i  .  where  the  values  of  dZ" 
for  a  II.  r.  ir  arc.  r(■spectivcly . 


.Sound 


dZ:  X  dZ„ 
dZ"~  T  iIZ.T  cos  If 


>  1 11 1 


[^dZl.  —  XdZ,  sin  If 

SPECTRAL  ANALYSIS  OF  RANDOM  FIELDS 


The  foregoing  relations  will  be  litted  later  into  a  spectral 
analysis  of  the  fields  of  turbulence  and  noist'.  .Vp|)ropriatc 
analytical  tcchni()ii(>s  can  he  found  in  the  s|)cclral  lhcor\ 
of  random  functions:  suitable  (h'vi'lojinicnts  of  this  sort  arc 
given  by.  for  example.  Moyal  (ref.  Id)  and  Batchelor  (ref. 
12)  for  spatially  homogeneous  lields.  'riit'  first  part  of  the 
present  section  will  be  dei'otcd  to  an  intcr[)rclal ion  («ith 
some  lilx'rtics)  of  relevant  jiarts  ol  the  two  papi'ts;  the  latter 
part  will  be  dt'vott'd  to  developments  for  inbomogt'iieous 
lields  and  for  correlations  of  a  two-dimensional  held  with 
a  three-ilimcnsional  (ieid. 
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ii<>mo(;km«>iis  Fiei.us 

Amplitude  spectra,  ('oti.sidor  a  llin'c-diiuciisititial  lii-ld 
of  small  disturbance  (c.  j;.,  (urhulciicc  or  noise)  of  unlitnitisl 
extent.  Let  this  lield  he  homoireiieons  in  the  sense  that  tl>e 
statistical  properties  do  not  var\'  from  point  to  point.  'I'he 
instantaneous  spatial  distril)ulion  of  any  pliysical  (|Uaniity  « 
can  then  he  repri'sented  mathematically  hy  a  Kouricr  inti->rnd 
in  the  Stieitjes  form  (refs.  10  and  12) 

«(/)  n_') 

when'  till'  tri])le  ititeeral  fjoes  from  —  «>  to  <»  in  each  com¬ 
ponent  of  /'“(/'i,  h;,  h:,\. 

If  etiuation  (12)  is  written  in  the  form 


then,  hy  cotnpnrison  with  e(|\mtioti  (I),  <la  can  he  idc'iitilicd 
with  what  has  heen  called  an  eleiiu'iitary  s|)cctruni  wave. 
'I'hi'  Fourier  intesrral  is  thus  to  he  interpreted  as  a  su|)crpo- 
sition  of  itilitiiti'ly  matiy  of  stich  plane  waves.  In  the  inti'- 
irral  the  components  of  k  take  on  all  values:  it  follows  from 
the  sienificani'c  of  ^  as  a  wa\('-numher  vector  that  all  waM' 
inclinatiotis  and  wave  letij;ths  appear.  An  ai'j'ref'ate  of  vor- 
tieity  waves  with  a  sititahle  distrihutioti  of  am|)litudes  amon<r 
the  various  wave  leiitrths  atid  itielinatiotis  cati  represent  a 
lurhulent  field  (ref.  Li).  Similai'ly,  an  a^ere^ate  of  sound 
waves  suitably  distributed  cati  represetit  a  randont  noise 
liehl  (ref.  10).  Finally,  att  ags;re.>rate  of  (he  scalar  etitropt 
wa\'es  can  repreisent  a  random  fii'ld  of  <'nlro))y  spottiness. 
A  eomhinatiott  of  these  three  basic  types  of  disturhaiU'e 
entropy  spottiness,  titrlnih'nee,  atid  ttoisi*  eotistitutes  the 
most  eeneral  random  small-disttirhanee  field  that  may  exist 
in  a  gas  (refs.  4  and  .')). 

Correlations.  -Let  a  he  measured  at  some  poitit  /’  and 

A 

at  SOJiK  ji.^int  /'  a  vector  distance  |  from  /';  then  (he  spa<-e 

A 

average  of  tlie  product  afi  as  /'  and  /'  vary  hut  llu'ir  vector 
se|)aratic,.i  ^  is  held  fixed  may  he  defined  as  the  spai'e-average 
correlation  tvSl?).  Alternatively,  the  disturbance  lieltl  may 
he  considcreil  to  he  just  one  of  a  large  niiniher,  or  en.semhle. 
of  statistically  similar  fields  (e.  g.,  the  flow  fields  of  a  ureal 
many  “identical"  uitid  tunnels  operated  .simult.iiieoU'l'  , 

A 

the  average  of  nji,  with  /'  and  /'  fixed,  over  all  meinhers  of 
the  group,  is  tlie  enst'mhle-average  eorrelation.  'fhe  ecpia- 
tions  that  follow,  from  the  theory  of  random  functions,  refer 
solely  to  onsemhh'  averages,  hut  space  averages  are  desired 
in  practical  a|)pliea(ions.  The  ergodic  hypothesis  of  proba¬ 
bility  theory  e<iuates  the  s])aee  average  to  the  ensemble 
average  jiroviileil  that,  at  any  instant,  the  disturbance  fields 
«  and  a  are  stationary  random  functions  of  position;  that  is. 
the  disturhanct^  fields  are  spatially  homogeneous. 

In  what  follows,  tlu'  term  “cross-eorrehition"  will  he  a))- 
plied  for  rt?^)3,  the  term  “self-<-orrelation."  or  simpl\ 
“correlation,"  for  a=)3. 

Correlation  and  power  spectra.  The  eross-eorrelation 
aj3($)  (like  «  or  indvidunlly:  see  eq.  (12)1  may  h<>  ex- 

Oil  » 


1  |)res.sed  by  means  of  the  Fourier  integral  as  a  sjieetrum  of 
j  plane  sine  waves: 

I  ^(i'  il:>> 

I  wheri-  fadl  is  a  function  of  ami  dh  is  an  abbreviation  for 
I  The  dilVi'i'eiit  ial  / "  •  may  he  regarded  a- 

i  till-  contribution  to  the  correlation  made  by  >peeiriiin  l  oin 
!  ponents  with  wavi'  number  between  /•  and  /■  dk  I  be 
function  jodl  is  called  the  ‘'spectral  density"  when  o  .1  tie 
"cross-spi'ctral  density"  alien  iref.  I  I  >.  The  array  of 

nine  spectral  densities  signified  by  [odl  when  o  and  ,i  are 
liiuiteil  to  mean  a.  r,  or  a-  is  the  ”speclral  tensor"  of  the 
j  veioiity  field  and  is  eonunonly  written  as  1',,  of  iThe 

corresponding  array  of  the  nine  wloiity  correlations  ud  ^ 
is  the  "eorrelation  tensor."  comnionly  writli'ii  as  //..if  i.i 

K<|Uation  t  Li)  includes  as  a  special  cii'c  the  self-eorrelat  ion 
or  mean-sipiare  ri'lai  ion 

1  o'  where  (1  li  ti 

i 

1  If  «  were  a  velocilx  conipolielil  (say  a),  then  o'  would  be 
I  twice  the  space-average  kinetic  energy  per  unit  mass  associ- 
1  ated  with  a.  The  speetriil  density  |oo|  is  in  this  i  asi'  an 
I  energy  density  ((ler  unit  mass,  per  unit  wine  niiinberi.  For 
;  similar  reasons,  w  here  spect  ra  of  the  kind  defined  by  eipiat  ion 
1  (14)  have  oeeiirred  in  physics  (e.  g,.  in  the  harnionie  analysis 

i  of  radio  noise),  they  lime  generally  heen  called  energy. 

'  intensity,  or  (lower  s))eeira. 

Correlation  spectrum  in  terms  of  amplitude  spectra. 
The  rathi'r  analogous  forms  of  equations  (I2i  ami  (Lii  are 
j  of  interest,  lOipiation  (I2i  expresses  the  spectrum  of  the 
1  amplitude  of  (he  fluctuating  ipiantity  o;  (his  may  be  termed 
I  an  amplitude  s|)('etrum.  Fqiiation  ( LL  expresses  the 
I  sped  rum  of  the  eoirelal  ion  of  a  with  d;  this  has  been  termed 
i  a  <'orrelation  .spectrum.  The  complex  magnitude  of 

the  amplitude  spectrum  flueluatesin  an  apparently  random 
!  manm>r  as  ^  is  varied  (refs.  It)  and  12i.  The  magnitude 
]  |(«d|'/^  of  the  eorrelation  spectrum,  on  the  other  liaml,  varies 

!  smoothly  with  since  the  eorrelation  is  a  smoothed  or 
:  averaged  (|uanlity  (ref.  12).  The  anqilit mie  speci rum  gives 
no  direct  information  eoneerning  averaged  (i.  e.,  statistieaL 
:  properties  of  the  disturhaiicr  ficKI,  wlux'iis  the  corri'hit ion 
spectrum  leads  directly  to  expressions  for  <’orrelal ions  and 
mean-sipiare  values  (see  eijs.  Li  I  and  (4)).  One-dimensional 
spectra  and  scales  of  turbulence  can  also  be  determined 
(e.  g..  ref.  14). 

It  wouhl  be  desirable  to  formulate  the  shoek-t iirbiileiiee 
interaction  |irohlem  directly  in  terms  of  correlation  spei  tra, 
Iml  formidable  difficulties  stand  in  the  way.  It  has  heen 
,sim))ler  to  start  with  the  shock  interaction  of  a  single  shear 
wave,  which  deals  with  amiililude  spi'etra,  ami  to  infer  from 
this  the  changes  in  the  eorn'lation  s|)ectra.  The  whole 
proccrlure  deiX'iids  on  the  following  relation  (refs.  10  and  12) 
which  eomieets  the  two  kinds  of  spectra,  namely. 


l,>i3ld^  dx*(^)dx,(h 


(15) 


UKi'UK'i  I:*:!;!  na  i  ion al  ai)\  isoitv  t'OMMrri'KK  roii  \khon \i  ik’s 


() 


wlit'rc  d/.(k)  is  ussocialcd  willi  ilic  \viivt‘-inmii«‘r  laiifT'' 
k  tiiul  k^  <lk,  and  llic  Inir  |■(‘|)|•(‘Sl•tlts  tin'  cnst'inblf 
HVcrafT''-  Tins  ndation  is  fnndaiticnod  Id  llir  uporlriini 
analysis  of  tin-  proscnt  papor.  Its  si^niticanco  is  this-  ihi- 
sin};l(‘-\vav(‘  analysis  (siinintari/.t'il  in  an  l•al•li(‘r  si-ciioni  pro- 
\id<>d  till'  rlian^i-  in  ainplitudo  of  an  indivi<lnal  spoi-iriiio 
wave  in  the  form  (IZ„  say.  and  similarly.  iiy..i  -<1'/.'/. 

(‘((iialion  (loi  provid(‘s  llic  mcatis  for  dotcrminiiifr  thrrcfrom 
tli(>  corrcspondinir  clianoc  in  1  lie  sp»‘ctral  dcnsil  v;  (o-dl 

inhomo<;enkoi's  fiki.oh 

'Phc  spt'clral  ropri'sontalion  of  a  spatially  liomofronooiis 
random  licid  is  jrivcn  liy  lapiaiion  (12i: 

,»(j)  I  (“■'«//„(/•) 


random  fum  tions.  'riic  simpldiial ion  lan  >ldl  lx-  ailiiiAcd 
l>>  roplacin^;  llir  iidiomof'cncons  ticlds  l(\  "(xpiix  alonl " 
lioinojfcncons  fields  tiiat  mali-li.  n-spccl ivcl\ .  at  tlic  point> 
£  and  r'.  This  is  a<'i'om|)lislii’d  hy  fn-c/.nij.;  il/.lik.^i  in 
opiation  (IT)  at  the  valiii’  <l/.*ik.£i  while  allow  nij.;  £  to  \ar\ 
in  th<>  e.vponent iai.  and  eorrespondinel\  free/.iiii;  <//,  in 
e<piation  ( IKi. 

\N  hen  apfilied  to  the  so-deliiii'd  eijiiiv  aleiil  liomoeeiieoii~ 
fields,  efpiation  (2(1)  reads 


•iy.*lk.l\.l/.£d_’.l'‘.  \a;i\'lhlk'Aik'  k<  .1 

where  the  '  over  lnd|  sionifies  (lie  fnnetional  depe..ilein  !■  on 
£  anil  I  [ton  siihsi  it  lit  ion  into  efjiial  ion  Mtiand  iiiii'.na- 
lion  over  /  '  there  results,  with  i  j  . 


A  eorr('s|)ondino  [lossihle  representation  of  an  inhomooeiieoii> 
field  is 

<»(£)  j")  ""  </y„(k.£)  (Iti) 

where  r/Z,,  now  ilepends  on  position;  (lie  sound  field  hehinil 
the  shock  is  of  this  eharaeter.  The  follow  itijr  spectral 
analysis  of  such  inhotnoj.'eneons  fields  is  a  development  of 
.Moyal's  treattnent  of  hoinojreneons  fields  (ref.  I(i). 
la't  «(£)  and  In-  inhomoiri-ni-ons  fields 

Dl£)  I  <  “  '(IZ^^k.-r)  ilTi 


iHZ)  ■  { ("•  '^ilZiik'.r')  ilS' 

where  ('((nation  (17)  is  an  alternate  form  of  (-((nation  (l(>i. 
Tin-  eorn-lation  of  o  and  jj  for  fixed  [lositions  £  and  £  .  re- 
s[)eetiv(-iy.  cati  he  foriin-d  hy  taking  tin-  (-ns(-tnlih-  av(-ra<r(- 
of  th(-ir  imninet : 


o(£)|fJ(£') 


‘■'<iy*{k.£)-iz,tk'.£) 


(l!ll 


Tin-  o[)(-rntions  of  int(-erati(>n  and  averafrine  eomtnnt(-.  so  the 
axA-raf-ine  har  may  he  n-jrarded  as  plae(-(l  ovn-r  (In-  (/Z's  aloin- 
on  the  n(j:ii(  side. 

K((tiation  (Ifll  eonld  imtm-(liat(-i\  la-  sim[)li(ied  if  tin-  fii-lds 
aif)  and  fill')  W(-r(-  homoiri-tn-otis;  in  that  easi-  tin-  inifiortan! 
n-lation 


wln-n- 


and 


'IZ*(k)  (//,  {k’)  --  ( afil  i/k>/k'6(k'  ~  k)  (20) 


6(k’-~k)  -0  for  k'  ;^k 
00  for^;' 

j  S(k'-k)>lk'=:\ 


would  hold  (n-f.  10).  accordiiifr  to  tin-  spe(-tral  iheorv  of 


(»i£)di£.’) 

'I'Ik-  s(a-elral  density  Itri^l  can  he  ev  aluated  l>\  ml  i-yral  in;,' 
(-((iiat  ion  (2 1 1  ovi-r  k' : 


\D(i\‘lk  .//,^/■.£n//n/;,£  1  )2:i 

where  tin-  inte;rral  |)ro[K-rl  \  of  the  A-finiel mn. 

/ 1 ) hik  k) ilk  I ^k^ 

has  h(-(-n  used,  with  I'lF)  an  arlhtraiw  finietion. 

K((i/attoiis  (22)  and  rj-i>  for  inhomotri-ni-oiis  fields  an-  of  i  he 
saim-  form  as  ih(-ir  eonnti-r|)arts.  e((nations  (i:(i  and  (l.Ti. 
r(-s|M-et iv(-ly .  for  liomoei-in-ons  iii-lds.  In  tin-  homotri-m-ons 
eas(-  tin-  t/Z's  an-  fniielioiis  of  (xisition,  and  (-((nation  (2oi 
im|ili(-s  a  i-orri-s()on(lin(:  di-in-ndi-nee  of  |o;i|  on  |)osiiion 
Mot  •i-ov(-r.  tin-  eorn-lation  oi£i  (fix')  d(-|)(-nds  on  £  and  2' 
s(-|)nrat(-ly  as  w(-ll  as  on  iln-ir  si-()aration 

CORBELATION  OF  TW  (l-OIMKNSiON.M.  FIKI.I)  W  ITH  THRKE- 
OIMKNSIONAI.  FIKI.I) 

The  local  (x-rtnrimlions  of  the  shock  face  from  tin-  nn-an 
(x2  x',1  ()lan(-  const  it  nl(-  a  homoiri-m-ons  l  wo-diiiK-nsiona 
field  of  tin-  (ti-in-ral  form 

d(.r I,  (/H I  i24i 

wIk-i-i-  /,  has  h(-(-ti  fixed  at  tin-  vahn-  x,'.  It  may  hi-  ih-sin-d 
to  (-orrelate  such  a  held  locally  with  a  thr(-i--(limensional  fii-ld 
(<-.  ft.,  tin-  tnrhiilent  vi-locit.v  fii-ld).  'Po  this  i-nd.  (-((nation 
(24)  is  rewrill(-n  in  tin-  form 

( ^ ‘‘ \/ 11  3(K.  )!•.;) 

Now,  if  f'l  in  (-  '‘xi  is  Hxed  at  the  value  x,'.  (3  will  he  ftem-ral- 
ized  to  a  three-dimensional  held  (elMiK-ntary  wavi-  niimln-r 
k')  that  matcln-s  the  oriftinal  t wo-dinn-nsional  fn-ld  in  its 


I 


SHOCK-ri  KHl  I.VI  KHA<  rii>\  A.NI*  Hit;  i;lC\KHA  I  II  >N  OK  \olSK 


plain-  of  ili-rmition  j-,  r, 
wrilh‘11 

This  ‘■fipiivalfnt " 

tiflil  may  he 

diZi-  J 

1 z/ZjlX;'i 

wlu'ff 

./Z.(X-'| 

.  if n',ik-:.k-j^ 

>■ 

i2.-|) 

K({ualK>ii  (2'))  is  of  tilt'  form  of  a  llirci'-iliim'iisional  fiomi>- 
yit'iit'ous  lit'Ul  ami  may  la-  usotl  in  plat'o  of  (24)  in  i‘<(ualioiis 
(l.'tl  ami  (I'l)  to  proviili'  tlir  I'orrt'lat ion  of  (I  with  any  llirff- 
(limi'iisitmal  homo^i'tti'ons  licKI  in  tin-  t'ommon  plant-  jr, 


ami  alsti.  lo  ihf  ititiiilimilf  iran>foiimiiitiii  s 
t/Z».//,  ■  .//•-//  ■  J/t'/X. 

I'litis.  l•(pnltltln  i27i  l)t'foim'> 

i  )■  ^  n  tan  d./zm/,  -(/*.//  .//t.// 

I  Js 

Apiilit'iitioii  tif  t't|natitin  il  oi  \ 

I  t/'i/'l  ilk  '  A  •  ! n II I .//  A 

If'r'l  ■  ]«■'//•']  (//(•'  I  )'  -  I  I  tail' «  1 1/ 1/ 1 ///■  I  iinr;  .IhJ 

J'l 


SHOCK  INTEKACTION  OK  SPECTRl'M  OK  SHEAR  WAVES 
TCRBl'LENt'E 

'I'lif  iiitiTaftitin  of  a  sinfrlc  sht'ar  wmm'  aith  a  shta-k  has 
ht't'ii  tlisfiisstal  in  th'tuil.  \\  ith  tliis  as  thf  liasis.  tho  statist it  al 
lit'havior  of  a  spt't-trum  tif  sht-ar  wavos  |■t■prt'st'ntintr  tiirhn- 
It'iifi'  will  miw  lit'  tlt'fivt'tl;  thf  profftlnrt'  will  makt-  nsf  tif 
thf  spfftral-analysis  ri'lations  tif  thf  last  sfftion.  'I'hf 
prohlfin  is  formnlatftl  as  follows:  i;ivfn  thf  spfftra  lami 
hfUff  fori'flat ions  ami  mfan-st|narf  vahifs)  assoi  iatfil  with 
thf  tnrhulfiiff  fonvfftftl  into  thf  shofk.  to  falt  nlatf  thfi'f- 
from  thf  spfftra.  fori-flations.  ami  mfan-s(|iiarf  vtihifs 
asstifiatftl  with  thf  tiirlnilfUff,  fntrti|)\  spottiiifss.  ami 
noisf  in  thf  How  tlownstri'am  of  thf  shofk. 

III.AOUNAL  TERM.S  Of  VKUK'ITY  .SPECTRVM  TENStIH 


'riifSf  art'  thf  tlfsirt'il  fvpri'ssioif.  rflaliiif;  ilia^onal  i  li  im  ni' 
of  thf  spi'flnim  tfiiso/s  of  thf  l iiihiilf iif'  on  oppo^ilf  -iiii-. 
of  t  hf  shofk. 

Noise  field.  It  opfraiion>  similar  to  iho-f  of  ihf  ln'i 
Sfftion  art'  a))plifil  to  fi)ualions  i  I  1  i.  i  hi- if  H'lili' 

((•"/■"I  •  \ir"ir"\  <//■"  T  ■' tairi/(// /((,//■ 

rhfSf  ftpiat  ion-  if  lilt  f  1  Ilf  tliifioiial  t- It- nif  nt-  ol  ihf  -pitl  nun 
Ifiisor  of  thf  noisf  ofiifialfil  hfliiml  thf  hoi  k  lo  thf  loiijji- 
tmlimil  spiMiial  tlfiisiii  of  ilif  initial  i  in  linlinif  iihrinl  of 
I  till'  shofk.' 

MEAS-SOI  AKK  IKI.Ot  irV  foMHOSEMS 


Thf  rfSfifftivf  spt'ftrii/n  tftisors  for  thf  turlmlfm-f  ami 
tioisf  tlownstri'am  tif  thf  slitit-k  fat'll  t-onsist  of  tiirtf  flfnifiits; 
of  thfSf  thf  tlirt'f  ilia^onal  tt-rms  an-  mtist  important  sim-f 
thi'v  Ifail  to  thf  mi-ati  sipiarfs  of  tin-  vi-lofity  fomponctits. 
Till'  rflativfly  simplf  iifrivation  of  the  lirsi  tliapmal  ti-rm 
ami  thf  Slim  of  tin-  sffoml  ami  thinl  will  In-  farrifil  out  in 
thf  pri'scnt  sfftitin.  Thf  ilfrivatioii  of  tin-  fomph-tf  ti-nsor 
is  carriftl  out  in  appi'mli.v  B  In  a  niori'  formal  prin't-tliirf. 

Turbulence  field.  Thf  shofk  intfiaftion  ftl'ffts  havt- 
ln'i'ii  f.Npri'ssfil  in  ti'i'insof  rt'lations  liftwi-fu  wavf  nm|ilitmlfs 
on  o/ipositf  siih's  of  thf  shofk  (I'tfs.  (it)  timl  (l(ti).  Cor- 
risDomlinjr  n-lations  hftwffii  spi-ftral  ilfiisitifs  (flfim'iits) 
on  thf  two  siilfs  i-an  In-  ohtaini-il  hy  ust-  of  <-(|nation  (l.'i. 
)4<itnf  pri-liminary  manijnilation  is  rf(piirfil;  thus  multifily 
liiith  sidi's  of  f<|uations  (Itti  hy  thfir  fompli'x  fonjupitfs. 
and  add  thf  last  two;  llifrf  rt-snlts 

A’  -t/zjt/z,,  cjr.) 

-/z:*t/z;  i  iiz:*iiz:,  r  -t/Zn/ZM  </zj</z,  (27) 

Hilt  hy  tri'oiiiftry  (11*;.  2). 

ilZ,-  (/Z„  tan  D 


Turbulence  field.  Thf  nifan--i|iiarf  \ flot  ii>  l■onlponfnI' 
follow  tliri'fllv  from  intfirral  ion  of  ihf  spfi  iral  ilfii-ii  i  '-ff 
f<|.  ( 14  1 1.  llilforiit  ion  of  hot  h  sit  It's  of  fi|nal  imi-  1 2n :  \  iflil- 


I  .V  'la '/| '/<■ 

f//''-  f'-f  I  I  )’  ■  li  I  air' 0 1  a 'd z/f' 


y  ::;i, 


Thus,  thf  nifan-sipniii'  vflofiiy  fonipoiifnis  lifliiml  thf 
shofk  (primi'il  vahifsi  art'  fivi'ii  in  Ifiins  of  ihosf  alitiid  of 
thf  shofk.  thf  siiiflf-w avf  transfi'i  fnm  tion-  .V  ami  )'.  an  l 
thf  lonoitmlinal  spt'i  tral  tlfiisily  |aal  of  thf  initial  t iirliiilf iiff 
Notf  that  .V  anil  )  art'  fimi  tions  of  /■  in  tfinis  of  H  (sfc 
appi-tiilix  .\i 

Noise  field.  Similarly,  inii-oration  of  fipiations  ciili 
viflils  thf  mi'an-siinari'  iflofitv  foinpoiifnls  in  thf  noi-f 

fifld: 

7^  -  [  \  -\iiii\iik: 

►  I  1 

-  I  r  ■\>i<yd\iiii\ilh 


ilZ*--  <IZ*,  tan  d  1  Hfi'f  a<rain.  \  ami  T  art'  fniiflions  of  ^  in  tfi  iiis  of  ff. 

■  1  >iri-cf  fv press fur  f  he  'pet  I r;i  'ttits  nsl retrn  tif  Uic  shtwk  iii:»y  Jh'  fnt*  of  Itn*  voiirne  ■  M'-’Ms  if/..  </<• m  <//  "  Tins  rit.iv  he  i‘fr'cf«'<{  iti  r'j,  ' hi  ill 1 1  lint’  huj h  ‘ch-s 

h>  ilk',  ilit-n  isttici-  itk  is  sh«»ii)iiiinl  h»r  ftkidkiilkt.  :»inl  siiniliifly  for  dl:’ >  tin*  ttktif.'  iii:»y  N-  hs  ih  •  Potihiun  tsa>  r<  ftir  Ihe  Irtiiiifotiiittiiott  ftoni  I.  lo  Ipon  fi 

* 

m 

Slihilurly,  in  e'j.  fifp)  diviiti*  by  rfli"  ;int!  iHterprel  dk  dk"  ;js  Hu-  .Ptcohisin  's:iy  /")  ff»r  Ihi*  Ininsforniulhm  fjoiii  fc  to 

m  cos*  jt" 


rpot)  i-v  loll 


UKrold  A  i  MiNAt.  Mi\  |>|IU>  Ki|c  i  |« 


Mh<lN  NifI  «HK  PKf.SSl  kK 

111.-  Ill -JoJ  (|«j  {ir  <-'-'•111  r  fil'M  l'»  {i-'«iiriah‘il  '•nh'K  tVilli  iIm* 
i.i’j'i-  lli-M  Mil-  |ur'--Hrr  ti^MM-iiih'il  wifli  iIh* 

'  Itf  till-  «  roinf  III  Vl'iiir-lfx  Hllfl  ItillX  Ur  Itl 

(•iii{iiir  rit*-  'fjiTlnil  »Irn'‘il  \  of  tlir  iioUi* 

•  ;ih  lit*  li'IatrW  lo  iIm-  "(irrHiil  of  iIh*  lo|i;»it tltlilttll 

<  {ill  ii  \  III  ifii-  tiiifini  !  Ill  Utili'iiri- .  lilt-  |-|•latiMll  In  U\ 

iM:i]ti|>l\ iiiu'  li'itii  ''iiii"'  of  lh<-  "i-i-ohd  of  i‘<|iiati<»hs  <7i  U% 
’lii-ii  (Oiiii>lr\  i-ofijiiLMf*  '  av ati«i  H)i|il\iri^  •‘f}iialNiii 
I  •'» '  ‘n  rarfi  *'Jilr 

ill*  till  il!!  Ilf  loll  Ilf  liolli  of  i'<|(iafioii  \  irliN  ll(«‘ 

it:r.iM-'><|iiair  |ii t  '.-'ii: iii  flu'  iioisi  lir)i{  a-. 

ft"'  j  ^14) 

MK4S-S4II  \kK  1  KMPKH4'mrF 

rfii-  l•-fllpt-^tltl^r  |M‘i f iirltaf loii*^  th  flu*  Uri-iiii-^o 

•  •f  til  *  i''t'iitro|at‘  irlalioti.  an*  ffjtial  to  '*>  1 1  >  iIh- 

(in f iirliaf ioit.^:  the  rrlatiofi^  <*<tm‘>|)otMitii^  ti* 

•  i|iiafioti^  arai  t  U>  !iia\  Im-  writlni  ilouti  at  «*iit‘i* 

'I'lit-  ia*in|H*ia(iii'r  (ti*rtiirUalioii*H  asso4*iatnl  witii  tlir  «‘!iIi'o]k 
'potUiir-^"  lirliiiul  tin*  "litM-k  irqiiirt*  a  M*|mrali‘  riiial\>ii>. 
rUr  ^|>ii-(ial  4lni>it\  of  tile  ii'iniicraliin*  (i«'rtitrUatioh<«  «'ati 
it>  i'\aU|atnl  U\  oprratiii;;  tai  n|iialioti  {7t\  in  tli«*  iinu- 
liMiiihar  itiaiiim  n*iiiat'k>  (irm«(liti<^  np  (;(:;ii.  th«*  n*«<«jlt 

Tlir  inti-irral  ll•Iatloli  oUtaiiual  from  niiiatioti  (ooi 

r''  I  T  i.Ilii 

rhi'<  i‘«|iiatioii  4‘S  aliialv''.  for  tin*  n*;rioii  Urfiliifl  lti<* 
fliat  part  of  tfu-  iin‘un*><|uar<'  triii(a‘raliin*  a^'Ho 

riatni  witli  (III*  l•lltrop\  >po(tiiH*s>. 

Mi:.\N.S<|t'AEi:  nKVSITt 

If  I-  iiiiiHM-r'.>ar\  to  writi*  ilowii  "(iiM'iat  rxpn—-’ioii'.  for  tin* 
‘I;  lirki;  iIh*  rr>p»M-|  iv«‘  rotil  riUlIt  kills  of  «'lilropy  '^pnlli- 

anil  iioisr  to  (hr  <lorisit\  p<TttitUu(ion>  an*  rrltitnl  to 
ilir  ro>‘n*sp(in<liii^  Iniiprratnro  ami  pra'^^siiro  porliirUiitions 
Uv  p'  t'  atnl  p"  7.  af\'onliii.tr  to  lUr  •iinali-partiirliation 
form  of  (In*  rfpialion  of  stall*. 

<  OHKKI.AHONS  NOT  JOINTLY  INVOLVIM;  TrKBIXKM'K  ANIl  NOiNK 

Attempts  at  simplification.  If  ihr  s|Ms*iriil  ik*iisii> 
io^](/-)  is  known,  tin*  rorrrs()oiulin;:  ti\o-poiti(  rorn*lfitioii 
ran.  in  prinri|>lr.  Ut*  olitainni  Uy  ninins  of  npiatioii 


»  I  II  III  lUi"  fa-'ltioit.  for  i  sanifil**.  iln-  loo*  .mi  ^ .  Ii..  .i  \ 

i-oi'n4aiioii  ill  tlir  t ni Inilrhi-**  Im'UmhI  iIm  ;  to.i\  u. 

rxpir'.-^ril.  aitli  iif  r4(iiatioh  a-* 

if'ti'iE' ,  I  ,V  ]»/</(<  '  =  -f/ 

or 

j  A  '  .r.ir 

(-•N'l-  l.iiiiiMili-  |i  7.  fi.i  .  r ./  . 

Killicr  of  ilii-  loriii..  i:t7i  or  clSi  inu. 

of  (III-  iiilliiiMiirc  of  f-  iiiiil  4"  •"  'll'-  lioi.l  ii-  L‘ 

|»»l  I'.  oi'iliiiiiriU  iMo-l  >iiii|tl\  ■A|it<-"i‘<l  ii~  ’Hill  ol  t 

Ho-.-. i  *. iT.  il  i'  |io?»ilili'  lo  litiil  1)  IInimI  Vfi  lt.  -jli'ln- 

ilic  r.‘liiMoii  /•’ f '  t  i-  U'**'  il"’  '  ..I.. .  ii!i  1,1 

r.'l  II  jot. 

I  .\  ■|'/,»|.  'Ii  ;  • 

ttlii*r.-  i.-  i  Ill  i.ll  ill**  *.1  *1*1*- 

i‘.frri'liitioti>  iiivoK  III*.:  |»ro|ii‘riii*^  of  flu*  I,  ti.-c 

i*iitro;i\  ~pottiMi, —  lii-liiMil  iIk*  'lini-k  »'  \  lin-i  I.. 

\<‘loi*il\  i-oiiiiioiii-iil'  l■■lll|l■■nllllr>‘.  ilrit^ii \ .  III. 

Ininsforiiiiilioii  i'  L  i  t'li.i  in  ninil  -  <  nlilili  il.. 
■■viioiiciiliii). 

Till*  pliv-irill  illli'r|IIVI;ltloll  of  itlr  li'llllloi  V.  .  I  II  s  .01.1 

t"  i'  if  l«o  lliiiit  |iiirli>'l<*'  o|inir)'iiiii  of  ii...  k  ;it.  .i 

\«*f  liir  <liniiiiif‘i’  i  ii|i)irl.  iiftrr  <*01111*1*11011  iti  h  ilt.*  *110*1. 
till*'!  u itl  III*  II  ii‘<*lor  ili'luiK*.*  £’ iii.Nri  I’li  ilii  i  urn  <■ 
■'iio\"  of  llirl>llll‘tlt  llllill  of  inloi**  {,.  t.,  ui  '  o|ii|iif*'*<'<t 
on  inissin^  lliroiif'l.  tin*  *liiM*k  nii.l  uill  •■iiii’n;  ii'li<*iiiii  n- 
ti  nliorliT  Im.x  of  iiljri-**.  f,'.  i;.  i'.  'rin*n*for<*.  non  ,.!li  m 

.•Ifi*.*!  .•\|irt*~*.-‘  i*orri*liilioii*.  in  iln*  *|iiii*i*  ilo*  n  itiii  of  ilir 

■•liiM*k  in  (<*riii*«  of  ■>«|iii\  1111*111  •*oir<*liil inn*  in  1,  n  Inil  *|iin  ■■ 

1111*1  l'<*ll III  of  ill.*  *ll<H'k 

Tin*  iiiiiiloo  of  oiniilion  i.l7  >  for  tin*  i*orr.*li  -  of  |iio|H‘t- 
in**  of  iln*  iioi*.*  Ii.*lil  inxoKi**  i”  i"  in  1  vtioin'iiliiil 
nitln-r  lliun  4’  Urn*  no  oniit  *iiii|tlini*ii  ii|i|M-iiiv  to 
III*  (Hissinli*  in  p*in*rHl;'  iIiiti*  .•vi*!*  r.o  /f/«  .  lor  t  tinil 

*nli*rn**  tin*  r1•llltion  4"*r’  4*£  Tlii*  la  '.■ll.•.*l*  iln* 

lint  lire  of  till*  iniiisroriiiiition  fn.iii  4  to  4"  ri*~|H*«*tm- 

•*oiii|H)iii*nt*  of  till*  two  Vff'ior*  nn*  not  in  li>  <io|Hirlioii*. 
Ion  in*t)*inl  vnrv  uilli  tin*  itn*litinlioti  of  4.  |)nrln*iiliir 

■*<M»rilitinli*  <*oni|iri*ssion  f  -£-  fliiil  work*  ft  inrlniletit 

rn'lii  (il  <*\|>rf**4**  tin*  <*lmnp*  in  <liiii<'n*ion*  1  tinni  "Ikix" 

■'onv<-<’ti*il  lliroiioli  llir  sliiH'ki  will  not  ivor  *1  tin*  iioi*i’ 
lielil.  .\n  cxrrlition  «M*i*iir*  win-n  t"  i*  rlnn*-  i;illt'l  lo  tin* 

*li«M*k  |iliini*  Irailiiil  iliriflioii.  i,  Iti.  Tin*  t”  4  i”. 
amt  sini*i‘ 4,  4,,  il  follow*  llial  for  llii*  ra*.*  4  i  i” 

Tin*  intifrnti  for  a  |inrli.*iilar  <*ori*<*lulion  ,|.lili<**  i*oit- 
*i.li*nil>Iy  w'lfii  {  (or  t '.  01*  ("  1  i*  taken  in  tlie  *  non  of  <ine 


*  I  Ik*  1*1 1  '.'tilt-  'll  VI  .k'-Mia  uti  <1  « tilt  tiif1»i«li*iiiv,  !•%  imiuii-  nu>  lx*  !•>  it  IN'  lurlMlb-tHT*  <**.  r  .  .in-t  *■  ^  >  1* 

I  ..iiVi  i  U-a  |kk>l  '•l.itU<n.tr>  llUinitihiiib-,  u 'InMii  n*^|xMl■x•ral)  t«'aili!itfY\r>l.  flit*  Hi'ilb'il  ••|>Mir«l<*-xmn<t  *'  IIh*  iimv  !<\  <*lfbl  t<l  *-,*•  lU  nt*  i* 

I'ii 'iitii.il.K  .k '•InilLir  rtftrl  :i<m4h'U1<*<1  «itti  ftirtilk-ltt  •X'lmnlHMi  of  fhr  ftoH. 

•  V  |iurh«l 'fmiiliflriifiinii' f’-t'' **  t  I”  1  il”  ii'i”. 


SHOCK-ri  KBrLENCK  I.NTEKACTION  AM)  THE  (iENEKA  I  ION  OF  NOISE 


<) 


of  till'  cooi'iliiuitf  iixi's,  say  Tj.  In  llic  fornuT  rasi'. 
hi'coiut's  A'iJ;  and  till'  I'xponi'nlial  I'liii  In'  ri'pUii-i'il  by  i-os 
i'ii.  sini'i'  till'  iniatriiuify  sini'  I'oinpoiii'iit  will  iiiti'>;niti'  out. 
Similarly  can  lio  rcplafcil  by  cos 

Cross-correlations.  Tlio  pliasc  aiiftli's  of  the  transfer 
functions  must  be  eonsiilereil  in  formnlatiiiireross-correlations. 
For  example,  the  correlation  of  local  temperatnre  witli 
loiifiituilinal  velocity  in  the  entro|)y  anil  tnrbiileni'e  (ielils 
liehinil  the  shoek  is  readily  obtained  as 

TW((»= j 

-  I  7’.\V'*'  '■'■'laal-//; 

'^he  integrand,  exeept  for  the  exponential,  is  even  in  the 
wave  inclination  ff:  the  phase  anijles  S,  and  dr  (in  the  notation 
used  I  are  odd  in  6  (hoth  properties  ean  lie  inferred  from  the 
svmmetry  of  the  wave-refraction  iirocess  with  respect  to  9). 
.Vccordiiiely,  the  imaginary  sine  term  in  the  exponential  will 
inti'irrate  out,  and 

7'a'(H)=“  J  7’,V  eos  (5s-  5j)|ai/li/^  (41)) 

'rite  corri'S|)i)ndinjr  relations  for  other  cross-correlations  can 
he  written  down  liy  analogy. 

( OKRSL.VTIONS  BETWEEN  TIIRBIIUENCE  .\M)  NOI.SE 

Cross-correlations  between  the  tnrbuleiu'e  and  noise  fields 
n'linirt'  a  speeial  treatment,  partly  beeanse  of  the  inhonio- 
jreiu'ity  of  the  noise  field,  and  partly  because  of  the  non- 
parallelism  of  the  |)hysically  associated  waves,  in  what 
follows,  an  expression  for  the  correlation  of  noise  |)ressnre 
with  lonoitndinal  tnrlmleiit  velocit\’  will  be  derived.  From 
this  the  (pialitative  variation  of  the  correlation  with  distanee 
downstream  of  the  shock  will  be  infeired. 

'I'lie  refracted  shear  wave  (  ^^')  and  pressure  wave  {•'k'') 
associated  in  an  elementary  interaction  process  have  different 
inclinations  ((ii;.  ;{).  As  a  consi'<(uence.  the  formal  applica¬ 
tion  of  the  iT'lations  eiveli  in  the  seetion  SPECTRAL 
ANALYSIS  OF  RANDOM  FIELDS  leads  to  dilliculty  :  the 
speetral  density  of  any  correlation  appears  to  vanish  accord- 
iiijr  to  ei|uation  (21).  Actually,  the  formulas  are  inapplica¬ 
ble  to  eorrelations  iiivolvine;  mutually  inelined  waves;  this 
will  lie  brought  out  clearly  in  the  followinj;  derivation  of  the 
applicable  formulas.  For  simplicity  the  derivation  will  be 
limited  to  the  correlation  of  turbuletit  limfiitudimd  velocity 
>i'  at  point  /'  with  noise  jiressiire  p”  at  point  r”;  extensions 
to  other  ca.ses  are  s I raifrht forward.  'Pile  derivation  will  fii-st 
be  carried  out  as  though  the  noise  field  were  homoi'eneoiis 
(no  variation  of  transfer  runetion  /’  with  r),  and  then  will 
be  adapted  to  take  account  of  the  actual  inhomogeneity. 

'Pile  res|)cetive  Fourier  integrals  may  be  written 


The  correlation  may  be  formed  as  the  ensemble  averu>.re  of 
the  product  ii' p"  : 

>i'{£.')p"u")  JJ  i' ‘  I:"i  Ai) 

where  the  bar  has  been  taken  inside  the  integral,  since  the 
operations  of  averaging  and  integration  eomniuie.  Kipiaiion 
(7)  and  the  first  of  equations  (4i  may  la'  used  to  >implif\ 
the  right  side: 

-X*{l£]l‘^hr/*{kj,IZjh  .42) 

A  A 

where  k"  bears  the  same  rehuion  to  k  as  k"  does  to  k.  Hv 
virtue  of  equation  (2t)l.  equation  (42i  reduces  fiirtlier  to 


<IZl[k')<IZ,.{t)  -  x*(k}/'(h[itu\6(k-  k)<lk,/k 

if  the  Pielils  are  homogeneous.  Substitution  of  this  relaitoii 

A 

into  equation  (41)  atul  integration  over  k  restilt  in 

«'(/)/)"(/")-- J  c‘ i4.4i 

A 

since  the  5-ftmclion  eliminates  all  laltics  of  k  but  k  tiiid 

A  ~ 

similarly  all  valties  of  k"  btit  k".  Finally,  the  eqiititioit  may 
be  generalized  to  applx  to  the  acttial  inhomogeiieotts  piesstire 
lii'lil.  aceordilig  to  eqtiation  (2o)  and  the  discttssioit  preci'diitg 
it.  hy  Hritiiif'  P  <k)  as  1‘  tk.  j\  )  and  using  the  valtjc  a/i/ii'o- 
priate  to  j\ . 

Equation  (4:(i  is  the  general  relation  for  the  two-])oiitl 
correlation  of  longitudinal  ttirbtilent  \clocity  >/'  with  noise 
pressure  j>" .  'Phe  striking  feiUttri'  is  the  diffi'i'eiiee  of  the 
exponential  term  from  those  in  equations  (Id)  and  (22i;  this 
eonstituti's  an  a  posteriori  demonstration  of  the  inapplica¬ 
bility  of  those  equations.' 

If  the  turbulent  velocity  and  noise  pressure  are  correlated 
locally  (/"  — j'l.  the  expression  simpli(u's  to 

^,''''~''''Xik)lU:..y}\itu\,lk  1,44) 

since  k'/  —  k’..  k'X-k-^.  Directli  at  the  shock,  j,' —()  and  the 
right  side  siniiililies  further;  the  integration  ean  readily  be 
earried  out  for  isotroiiie  turbiileiiee.  and  a  nonvanishing 
correhitiim  will  be  obtained.  Heliind  the  shock  (r,')>l)). 
the  ex])onential  oscillates  sinusoidally;  for  a  given  wave 
inclimition  the  behavior  is  essentially  like  cos  ('kx[.  where 
f'  is  a  constant.  For  s[  lery  small,  the  rasiiiv  is  near  unitv 
over  the  signilieant  range  of  k  (the  range  for  which  lai/]2>t)). 
lienee  the  correlation  is  only  slightly  diminished  at  small 
distances  behind  the  shock.  At  somewhat  greater  distances 
the  ixscillatory  nature  of  the  cosine  begins  to  be  felt  before 
Ih«]  dies  out,  and  the  eorrelat ion  falls  off  noticeably.  Finally, 
at  very  large  distances,  cos  CkT{  oscillates  over  a  great 


*  Howi'ver,  g<{.  (4:I)  b«  c<uiiVAluttl  to  Ihot  which  wouM  result  from  eq.  ( iSi  or  (22)  iiimjii  re()Uoin|{  Ihc  Dressure  wave  by  a  e<iulvaleiit  shear  wave  parallel  to  the  actual  shear  war*,  as 

()iscu<(sed  In  re/.  8. 
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many  periods  as  k  covers  its  im])ortiiiit  raiif'c,  anti  the  phis  j 
and  inimis  contributions  to  the  integral  cancel  each  other;  . 
tlius  at  these  large  distances  behind  the  shock  the  noise- 
turbiilenec  eorrtdation  falls  to  zero. 

INTERACTION  Of  TURBULENCE  WITH  AN  OBUUUE  SHOCK 

All  the  foregoing  analysis  may  be  applied  to  an  oblitpie 
shock  by  treating  the  latter  as  a  normal  shock  with  a  super- 
jiosed  cross-velocity  which  is  to  lie  ignored.  'I'he  coordinate 
system  should  be  oriented  so  that  the  /i-nxis  is  normal  to 
the  oblique-shock  front  (on  the  downstream  side),  and  the 
j->-  and  r3-uxes  lie  in  the  shock  front  with  the  jpa-a.xis  in  the 
plane  of  the  stream-velocity  vector  atul  the  j-i-nxis.  'I'he 
component  of  the  stream  velocity  in  the  j-, -direct ion  is  the 
f  velocity  of  the  equivalent  normal  shock.  From  here  on 
the  analysis  for  the  normal-shock  case  tnay  be  ap|)lie<l. 

Ordinarily  the  turbulence  spectrum  tiuisor  will  be  delined  j 
{as  say)  in  a  system  /.(.  with  the  j-J-axis  alined 
with  stream  direction,  and  it  will  be  necessary  to  transform 
to  the  new  system  j’l,  Xi.  If  the  shock  angle  of  the 
oblique  shock  is  xj/.  the  primed  and  uiqirimed  axes  are  related 
accoriling  to  the  following  sehenu':  | 


Tl 

li 

1  ' 

-Tj  i 

r' 

1 

fii *sin  (i 

rt:=M 

ri.»=c«>s  4 

►  (45) 

/' 

2 

r2i=»u 

r:!=l 

r' 

1 

rji »  — itis  4/ 

rii=0 

where  /•,;  i-“'’  <b<‘  co.sitie  of  the  atigh'  lietweeti  x'  and  Xj.  The 
transformation  is  etfected  by  the  formula 


'I'lie  eorres|)onding  element  of  equation  {4S)  is 

<!>;,  -  /'■(A-')  |Av  •  Avl  (,■>] ) 

'i'hus  tlie  ten.sor  elements  <l>||  and  have  the  same  functional 
f  irm.  reflecting  the  isotropic  iiroperty  of  invariance  undei- 
ntation  of  coordinates.  This  particular  examph'  of  the 
<-oordinate  rotation  applied  to  isotro|)ie  turbulence  is  trivial 
in  that  the  result  could  have  been  written  down  in  advance 
without  recourse  to  the  transfoiTuation  e(|uution.  Never¬ 
theless,  it  illustrates  the  formal  ap|)licution  of  the  trans¬ 
formation  and,  in  addition,  serves  as  a  check  on  the  first  of 
equations  (47)  in  yielding  the  re<iuired  invariance. 

CALrilLATlONS 

Numerical  calculations  have  been  carried  out  foi-  flows 
in  which  the  turbulence  incident  on  tin-  sliock  is  ( 1 )  isotropic 
and  (2)  strongly  axi.syininetric.  An  acr-ounl  of  the  iso¬ 
tropic  case  follows.  The  more  complicated  axisvnnnetric 
case  adds  little  of  interest  aiul  is  thendore  left  to  appendix  ('. 

mkan-souare  velocity  component.s  in  turbulknce  field 

The  e((uations  that  jointly  relate  the  U|)stream  (iinpriined) 
and  ilownstream  (primed)  mean  squares  are 

ir=^\uu\ilk  l-'i'Jl 

S  lu//j>/k  ir>:i) 

J  cos-  9  '  '  - 

—  —  f  sill' S'— sin- 0  I  ,  ,,  -  ,  — r 

N,-  „  It/// h/k "  l->4) 

J  ” 


/'im/'jn^ij  (df>) 

where  the  reiieated  indici's  i  and  j  are  to  be  snmmed  over, 
'rile  diagonal  terms  in  the  result  are  relatively  simple: 

=  sin^-r  dijs  cos^— sin  cos  ^  (<l>|3--<l>j|) ' 

4’,.,=<l>:.  -  (47) 

'I’l,  cosV-r‘t>33  sinV--  sin  ^  cos  f  (<I>l3-f '•>31)  > 

'I'he  coordinate  transformation  whereby  4>',  goes  over 
into  dimn  may  be  ilhist rated  most  simply  by  choosing  <!>,',  to 
correspond  to  isotropic  turbulence;  in  that  case,  'fr,',  has  the 
general  form  (e.  g.,  ref.  12) 

(48) 

.Substitution  into  the  fii-st  of  equations  (47)  yiehls 

4>,i  =  F(A:')  A'^"’)  sin^^-|-(A-2^+A:l-)  cos-^+2A-IA-.j  sin  ^  cos  lAi 

=  F{k')  sin  ^-r  A-J  cos  f)^|  (49) 

In  the  preceiling  equations,  A-J,  A-j,  A'j  are  the  components 
of  the  wave-number  vector  in  the  primed  eoordinale  system; 
these  are  related  to  the  components  A'l,  k-2.  A3  in  the  nn]>rim(‘d 
system  precisely  as  jJ,  /j,  /.j  are  related  to  X\,  x^,  X3  in  equa¬ 
tions  (45).  As  a  consequence,  equation  (49)  can  he  remlily 
shown  to  reduce  to 

4>n  =  m[A'5+Ai)  (50) 


'Fhe  first  of  thesi'  is  just  ('(piation  (141  with  a- a;  the  last  two 
restilt  from  substituting  into  eiiuations  (:{1)  the  expressions 
for  |A’P  and  IT]-  from  a|)|)endix  A.  .So  far  the  e([uations 
have  not  beiui  specialized  to  i.sotropic  initial  turbulence. 

When  the  initial  tur.  iilenee  is  isotropic  (i.  e.,  has  spherical 
symmetry),  its  longiti.dinal  spectral  density  |ai/l  has  the 
general  form  (e.  g..  ref.  12.  eq.  (:5,4.12)) 

l«i/,  -k'F  (k)  coard  (55) 

where  F{k)  is  an  arbitral  function  of  A.  (F{k)  will  ulti¬ 
mately  cancel  out  in  forming  ratios.)  It  is  appropriate, 
then,  to  go  over  to  a  form  of  spherical  polar  coordinates: 

A,  -  —A  sin  1 
A’.,  -  A’ cos  0  cos  V? 

A-3  =  A'  cos  6  sin  VP 
ilk~k^  cos  6  tik  (hfi  (Id  ^ 

Kipiations  (.52)  and  (52)  may  now  he  written 

«-  =  2  I  k*F{k)(lk(  (l(fi  f  cos^S  (/0  (57) 

J II  Jo  Jo 

1P=2  f“k^F(k)  (Ik  f'rfvp  f  ’')s!^ms-e'cos&(/ff  (.58) 

Jo  Jo  Jo 

where  the  factor  of  2  and  the  limit  jr/2  result  from  the  sym- 
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niptry  in  6.  Division  of  pqiiation  (o8)  i)y  (o?)  yields,  siiiee 
cos^6  = 

0 

m'n  S  ‘  cofrO' VOS  6  lift  (59) 

In  a  rather  similar  fashion,  equation  (:t(i)  yields 

d-J*  .S' •sin’fl'cos  fl  (/fl)  ((>9) 

where  use  has  been  made  of  the  initial  isotropy  u'^=ir  =  u'', 
and  final  axisymmetry  = 

The  transfer  function  .S  in  equations  (59)  and  ((>())  is  a 
measure  of  tlie  amplification  of  a  single  spectral  compoiu'iit 
in  passing  through  the  shock:  the  associated  phase  angle  is 
5,  (not  relevant  here).  S.  like  the  other  transfer  functions,  is 
a  complicated  function  of  8  that  does  not  lend  itself  to  ana¬ 
lytic  integration.  A  numerical  tal)nlation  of  S'  and  S,  against 
8  is  given  in  tables  I  (e)  to  (k)  for  the  respective  Mach  num¬ 
bers  of  l.H),  1.25,  1.5,  2.0,  2.5,  11.0.  4.0,  0.0,  and  ;  these 
tables  were  used  in  conjunction  with  numeri<'al  integration 
to  evaluate  equations  (57)  and  (58).  (.S'  reduces  to  1  for  all 

8  at  .1/--=  1.) 

MEAN-SQI'ARE  TEMPERATURE  IN  ENTROPY  EIELI) 

The  derivation  of  r'"  «■  is  [lurallel  to  that  of  «'-/«•,  equa¬ 
tion  (5.1)  being  replaced  by  eipiation  (:ifi).  The  result  is 
(analog  of  eq.  (59)) : 

- T  ^ 

fi- 1  '  7'  '■  cos^  8  dS  (fi  I ) 

The  transfer  function  T  and  the  associated  phase  angle 
8t  (not  relevant  here)  are  tabulated  against  8  in  tables  I  (c) 
to  (k)  for  the  various  Mach  numbers.  Th(>  tabulated  values 
ns('d  in  the  numerical  integration  of  e<|uation  (01). 

MEAN-SQUARE  PRESSURE  IN  NOISE  FIELD 

Because  of  the  similarity  of  eifuations  f:i4)  and  (50),  the 
mean-square  pressure  can  be  written  down  by  inspection  of 
equation  (01): 

’ cos' 8  <l8  (02) 

The  integratioti  has  lieen  performed  miinericall.v  with  use 
of  the  definition  of  P  in  terms  of  II  (appendix  A)  and  the 
values  of  11  against  8  tabulated  in  tables  I  (a)  to  (i),  appro¬ 
priate  to  /=  00.  Thus,  the  integral  as  evaluated  refei-s  to  tin* 
asymptotic  mean-square  pressure  far  behind  the  shock. 

RESULTS  AND  DISCUSSION 

The  results  of  the  calculations  of  the  preceding  section  are 
shown  in  figure  4  for  Mach  numbers  of  1  to  m  ;  this  figure 
evaluates  the  disturbance  field — both  turbulence  and  noise 
downstream  of  a  shock  when  isotropic  turbulence  is  con- 
vected  into  the  shock.  The  velocity  perturbation.s,  on  a 


1  I 

i-oot-meun-.s<|uare  basis,  are  in  percent  of  stream  veJoi  ils 
(th-eml  of  the  shock  (thus  the  basis  is  the  same  on  both  sides 
of  the  shock);  the  temperature  and  pressure  perturbations 
are  in  percent  of  ambient  beliind  the  shock.''  The  velocity 
curves  refer  .solely  to  the  turbuh'nee  eonijioin'iit ,  the  tem¬ 
perature  curve  to  the  etitrojiy  l•om[)otll'nt .  atid  tlie  pressure 
curve  to  tlie  noise  component  of  the  field  behiml  the  shock. 

The  curves  show  that  i.sotro()ic  turbulence  is  somewhat 
transformed  in  jiassing  througli  a  slnx'k,  the  longitudinal 
anil  lateral  components  no  longer  being  e<|ual:  tlie  selective 
elfect  is,  however,  mild  comjuired  with  that  of  screens  or 
wind-tunnel  contractions  (cf.,  e.  g.,  ref.  14).  In  addition, 
although  the  incident  How  was  assumed  isothermal  and  isen- 
tropic,  the  downstream  flow  possesses  an  entroi)\  si)ot I iiu'ss. 
which  is  a  “frozen"  converted  ixiltern  like  the  turbulence. 
The  root-mean-s(iuare  temperature  associated  uith  the  eii- 
trojiy  spottiness,  in  itercent  of  ambient,  is  seen  to  be  not 
much  less  than  the  root-mean-sqnare  velocity  of  the  initial 
turbulence,  in  jiercent  of  free  striuim. 

In  the  theory  the  entro])y  s|)ottiness  is  sjiatially  correlated 
with  the  longitudinal  com])onent  of  the  turbideiil  \elocit\' 
everywhere  behind  the  shock.  In  luactice  it  is  to  be  ex¬ 
pected  that  the  correlation  will  soon  be  destroyed  by  eddy 
intermixing  as  the  condiined  fields  are  convected  down¬ 
stream  from  the  shock:  this  intermixing,  being  second  order, 
is  neglected  in  the  linear  theory.  I)irectl>’  at  the  shock,  tlu' 
noise  pressure  likewise  is  correlated  with  the  longitudinal 
eomponeni  of  the  turbulent  velocity.  According  to  the 
earlier  (piulitativ(>  examination,  however,  this  correlation 
falls  off  with  distanet'  behind  the  shoek,  reaching  zero  far 
back. 

The  |)ecnliar  hump  in  the  curve  of  root-inean-square 
noise  pressure  against  .Mach  number  just  above  .1/=  1  has 
conimandi'd  s))eeial  attention.  In  order  to  delineate  the 
shape  accurattdy,  additional  numerical  computaltons  (be¬ 
yond  tho.se  for  the  otlu'r  curves)  were  made  at  .l/=1.05  and 
.\/=1.01.  Thi'se  were  stqijilenn'nted  by  an  analytical  study 
which  (‘St ablishi'd  that  the  curve  varies  like  (.1/ — !)'■’ us -IZ-s-l 


Initial  Moch  number.  M 


Fir.t  KK  4.  Dis! urlmncDs  prociiired  Ix'hiiul  shock  ]>y  interaction  with 
isotropic  turbiilcnco.  TurhiihMit  intensity  just  before  sliock,  0.1 
|x»rcent.  Hoot-inean>s(|uare  velocity  in  percent  of  initial  stream 
velocity  ahead  of  shock;  root-mean-s(iuare  temperature  and  ])ressure 
ill  i>errent.  of  ambient  behind  shock. 


for  till*  elrcuin5tano.>5nr  ncs.  1  an«l  a,  nanirty,  longitudinal  cornixinent  of  Initial  tiirhu|enc(.‘p(iuals0.1  perenntof  stream  vclu'  ity,  tho  dlnu’asinnnl  qiinnlilfos  plotted  aie  as  follows  in  terms 
o  thf  nondltncnslnnal  ^bol5  iiswl  In  the  analyjls:  tungltci  llnst  vctoclty.  percent  Initial  stream  velocity.  n.l  lateral  velocity,  iwcent  Initial  stream  velocily,  n.l  x  r*,'t7>;  Umijerature, 

p  roent  ambient.  0.1  Vair't/M*;  preasiire.  pereant  ambient,  o.l  x^mp"*/«t. 
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Initial  Moch  number.  Af 


Figi:rf.  5.  -Disturbances  prufluccd  behind  shock  by  interaction  with 
strongly  axisynitnctric  turi>ulcncc.  bonpitiidinal  inicnsity.  0.1  per¬ 
cent:  lateral  intensity  iv'i.i.dl  percent  just  iiefore  shock.  Ro<»t-riieaii- 
scjuare  velocity  in  percent  of  initial  stream  velocity:  root-in«‘an-sriuare 
temperature  and  pressure  in  percent  of  ambient. 


from  above,  ai)])roaeliiiip  the  limiting  value  of  zero.  Th<‘ 
precise  asymptotic  e.vpressiori  is 


o.u/:"’.p -=0.1 


7 

7-  1 


(.U-1)'  ' 


(ti-'i) 


where  the  omitted  ne.vt-higher-order  term  is  I 

Figure  4  applies  wlien  isotropic  turbulence  flows  into  tlie 
shock.  Figure  .5  (prepared  from  calculations  described  in 
appendix  B)  ajtplies  when  strongly  axisymtnetric  turbuletiee 
flows  into  the  shock;  the  specifications  for  the  turbulence 
were  taken  from  theoretical  calciihitioii.'i  of  the  mo<iifieatiom 
in  initially  isotropic  turbttlence  tliat  had  passed  through 
damping  s<Teens  and  a  wind-titnnel  eontraction  (ref.  10,  fotir 
screens,  K=2,  .l/=l.o).  The  cahmlated  deviation  from 
isotrop}'  is  based  on  idealized  conditions  atid  is  poobably  an 
extreme  upper  limit  to  what  might  be  encountered  in  a  wind- 
tunnel  test  section.  Tlie  longitudinal  comjmnent  of  the 
incident  turbulence  is  the  same  for  both  figures  namely. 
0.1  percent  of  free-stream  speed  -  l)ut  tlie  lateral  eomitonent 
is  .3.01  percent  for  figure  o  against  0.1  percent  (isotro])ic)  for 
figure  4.  De.spite  tlie  wide  disparity  in  the  lateral  compo¬ 
nent.  however,  comparison  of  the  two  figures  shows  no  great 
change  in  the  curves.  Fividentiv,  the  lateral  compoiicnl  of 
the  turbulence  flowing  into  the  shock  has  little  effect,  ami  the 


(a)  Ambient  pressure  downstream  of  shock,  t  8tnio.-|,iii  ro. 

Fioi  re  fi.  Noise  generated  by  shoek-turbiilenee  iiiteraefion  tisutropie 
turbulence). 


Tur&uleoce. 

percent 


(1>)  Sia^nalioti  pn'>surc  uj)>tn‘iun  <»f  >lmck.  I  anim-pln  ri- 

Fun  HK  b.  ( 'fuicimlfd.  Ufurnil  *‘<i  by  •'jmck-l  urlmlfnci-  iiifi-r- 

I  iictioii  (isotropic  lurliulfiicfi. 

!  .  . 

intensity  of  the  remainder  of  tlie  (list iirlmiice  field  behind  i  he 
shock  de])ends  almost  soUdy  on  the  longitudinal  eompnnenl. 
regardh'ss  of  the  degree  of  ani.solrop\.  The  shoek-indueed 
change  in  the  lateral  component  itself,  however,  depends  on 
the  (h'viation  from  isoli-opy.  being  apiireciahle  for  the  iso¬ 
tropic  case  and  (luite  negligible  for  the  extretne  axisymmetrie 
eas('. 

The  noise  geneiated  by  the  shock-turhulenee  interiiel ion 
is  measured  by  the  curves  of  root-mean-s(iuare  pressure. 
This  is  best  indicated  by  use  of  an  acoustic  scale  as  in  figure 
B.  Here  the  noise  pn'ssurc'  level  is  plotted  in  (h'eibels  abuse 
the  standard  reh'rence  base-  of  ().()()()2()4  microhar  for  several 
levels  of  initial  isotropic  turbidenee.  .According  to  the  pie- 
ceding  paragraph  there  would  be  little  dilferc'iice  for  sii'ongly 
axi.symmetric  lurbuh'iice  of  the  sanii'  loiigiliidiiial  intensities: 
the  difference  between  figure's  4  and  o  corresponds  to  no 
more  than  4  decibels  at  the  .Mach  numbers  (l.o,  3.  and  ) 
for  which  there  are  comitarable  data. 

The  refen'iice  static  ])r('ssure  bi'hind  the  shock  is  difb'reiit 
for  the  two  parts  of  figure  B.  In  figure  Btal  the  ambient 
])ressure  behind  the  shock  is  constant  with  .Mach  inimher 
(1  atm):  this  situation  may  he  approximated  in  an  ('.xit  jet 
of  an  aircraft  in  flight.  In  figure  Bfb)  tlu'  stagnation  ])res- 
sure  ahead  of  the  shock  is  constant  at  1  atmos])here.  so  that 
the  static  pressure  behind  the  shock  diminislK's  markedly 
with  increasing  Mach  number:  this  situation  is  roughly 
characteristic  of  many  wind-tunnel  flows.  It  is  .si'cn  that 
;  even  at  a  longitudinal  com])oneiit  of  turbulenc('  of  0.01  jier- 
I  cent.  th('  noise  level  is  si'vere:  and  at  1  ])(‘rcent  the  noise 
level  exceeds  130  decibels,  which  is  of  the  order  of  the 
thre.shold  of  pain,  over  much  of  the  Mach  number  range. 

These  remarks  all  refer  to  the  a.symj)totic  noisi'  level  an 
“infinite”  distance  behind  tiu'  shock,  since  the  atti'iiuating 
part  of  the  pn'ssure  waves  has  been  neglectc'd  (in  jiraclice. 
this  distance  may  be  taken  to  be  twice  the  longest  significant 
wave  length).  For  an  initial  Mach  number  of  1..‘),  the  noise 
level  is  predicted  to  be  .some  17  decibels  greater  directly 
behind  the  shock  wlu're  the  attetiuation  is  nil. 

The  local  pressure  level  (proportional  to  the  energy  density) 
of  the  noise  field  in  the  region  of  shock-turbuletice  interaction 
is  one  aspect  of  the  noise  jiroblem.  Lighthill  (ref.  3)  has 
investigated  another  aspect,  namely,  the  flux  of  acoustic 
energy  radiated  from  the  ititeraction  region  as  a  losult  of 
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tiu*  convection  of  any  specified  volume  of  lurbiili'iiee  iliroiifrli 
a  weak  plane  shock  segment  (1  <  1 the  turhuieiiee  ! 

need  not  he  homogeneous.  The  two  (piantities,  energy  I 
density  and  flux  of  eiu'rgy,  are  not  simply  related  uidess  the 
wave  pattern  is  simple,  for  example,  parallel  plane  waves 
or  concent  rie  .spherical  waves. 

CONCLUDING  REMARKS 

The  quantitative  effects  of  the  interactioti  of  a  convected 
homogeneous  field  of  turhulence  with  an  extende<l  plane 
shock  have  been  calculated,  including  the  pressure  level  t>f  ! 
the  noise  generated  in  the  process.  The  assumed  conditions  i 
are  closely  approximated  in  a  supersonic  wind  tunnel  or  <lu<'t 
with  a  normal  shock:  the  shock,  together  with  its  images 
in  the  walls  (if  the  latter  are  nearly  parallel),  behaves  sub¬ 
stantially  like  an  extended  plane  shock  for  the  purposes  of 
the  analysis.  The  approximation  is  still  quite  good  for  plain' 
oblique  shocks  for  that  portion  of  the  incident  turbulence 
whose  eddies  are  small  compareil  with  the  tunnel  iliameter 


(spectral  wave  lengtii  <y,  tunnel  <liam.).Hnd  probuhh  faii'l\ 
good  even  without  this  n>siriction  on  cdilv  size. 

The  propulsive  free  jet  emittetl  h\  a  lurbojei.  rain-Jel.  or 
rocket  engine  is  turbulent,  Init  the  tuibulenee  is  far  fioin 
homogeneous.  In  addition,  only  local  segments  of  llie  shock 
structure  that  may  occui-  aft  of  the  nozzle  can  be  considered 
.sensibl\’  plane.  Tbe  shock-interaction  noise  gi'iierateil  b\ 
turbulent  eddies  smaller  than  such  shock  .segments  can  per¬ 
haps  be  estimated  from  the  curvi's  pre.sented  herein  Ksli- 
mates  of  this  sort  refer  to  tin-  sound  pressure  level  within 
the  jet  and  nearin’  outsid<>;  th<>y  provide  no  direct  informa¬ 
tion  on  the  sound  pressure  level  far  from  the  jet  as  a  fnm  tion 
'fsiance  and  direction,  or  on  the  total  aeousiie  poner 
ed  by  the  jet . 

Lewis  Flioht  Piiorr:  nix  Lahouatohv 
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APPENDIX  A 


SYMBOLS 


The  following  symbols  are  used  in  this  l■(‘|)ot•t:  (In  ap|>endix 

/// 

B  SOUK' 

tiarts.  I 

alternate  symbols  are  (h'fined  and  used  in  certain 

a 

function  defmed  ir.  ref.  2 

A 

11* 

critical  speed  of  sound 

r 

ft 

function  dcfiiu'd  in  ref.  2 

I 

F(h 

arbitrary  ftinction  of  h 

fflO) 

It  t  e  /-■//>,  4a- sin^  H-i-r- cosM) 

screcn-etfect  futiction,  6(H)-  . 

4  sirr'  H-k^'  cos^  H 

/> 

//(H) 

contraction-effect  function. 

r 

/i  («  sin-  H-f  cos-  H)- 

//,/(^) 

•lacobian  of  transformation  from 

./" 

.lacobian  of  transformation  from  k  to  /•". 

T 

_  dk  cos^  e"  do' 

dk"  m  cos^  O'  dO" 

K 

ai  ■  T-  pressuri'  dnq> 

screen  eoettn'ient ,  /\  =  , 

dynamic  iiressure 

r 

k- 

amplitude  of  k:  k'‘—  k\  +  kl-\rki- k'i-\  k. 

i 

k-r 

radial  component  of  k.  k,-  —k,  cot  8 

i  r 

k 

wave-number  vector,  k-=^k-,,  /•,;  also. 

\  '  ' 

k^^k,.  k,.  0  in  cylindrical  com  uites 

II,  r.  ir 

<lk 

volume  element  in  wave-number  siiace. 

1! 

(l 

,  ,  final  stream  speed 

contraction  parameter,  /|  =  .  .  .  ,  '  , 

initial  stri'iim  speeil 

V 

/, 

1 

contraction  parameti'r. 

r. 

1  final  stream-tube  wddtli 
‘  initial  stream-tube  width 

w 

.\/ 

Mach  number  upstream  of  normal  shock 

dWs 

A/. 

Mach  number  downstream  of  normal  shock 

ratio  of  speeds  bi'fore  and  after  shock, 
(7t  l),l/- 


niimlx'r  of  dain|)ing  screctis 

transfi'f  function  for  sonml  waves  (pressure 
cfl‘ei’1 ), 


w  11  J^vc  ff  SIX' 

(7-rl)ni— (7— 1) 
pressure  pertnrbatioti 
mean  static  jiressiire 

pi'iturbation  velocity  correlation  tensor  (spi-cial 
ease  of  a/3(^ )) 
direction  cosines 

transfi'r  function  for  shear  waves,  talnilated  in 
tabh's  1(c)  to  (ki  (cip  in  ref.  2) 

2(7— 

-  ,  ,,  ,  , ,,  V (a  tan  0— 1  )-s-  ft  tati  0)-. 

^  m  1(7-1-  l)»i-(7-l)| 

<1<9<  I 


'Pransfer  function  for  entropy  waves  (tempera¬ 
ture  effect)  T-Ti-^T 
stream  vi'locity  downstream  of  shock 
stream  velocity  upstream  of  shock 
nondimensionnl  disturbance  velocity  compon¬ 
ents  in  directions  r,,  x.,,  r,,  respectively; 
^components  of  velocity  jiertiirbation 
critical  speed  of  sound  a* 
cross-stream  velocity  (sketch  fc)) 
disturbance  velocity  conqionent  in  radial  di¬ 
rect  ion /a* 

disturbance  Velocity  crmiponent  in  i^-direction  a* 
resultant  of  f  ’  and  T 

(complex)  wave  nm])litude  in  two-dimensional 
field 
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triinsfcr  function,  A’— .SV'“"  ^ 

cos  8 

|)ositioii  vector,  £  “  J'l,  rj,  ju 

tntiisfcr  function,  )'-  .SV'*- 

sin  8 

(coniplcA)  wiivi'  amplitude  associated  with  r, 
(complex'  wave  amiilitude  assoeiated  with  « 
(eom|)lex'  wave  anpilitude  assoeiatid  with 
may  stand  for  a,  r,  ii\  ]>,  p,  or  t 
1.21 

screen  parameter,  for  A'^l 

correlation  of  «  and  (i  at  a  .separation  i 
Fourier  transform  of  a0(|).  interpreted  as 
speetral  di'Usity  of  o/jfO) 

^  COS'  8' 

perturliation  velocity  speetriim  teiisoi-  (spr-eial 
ease  (d'  [a/i]/') 

ratio  of  specific  heats  (taken  as  1.4  . 

|)hase  an^le  <d'  n  (e(|.  in  ref.  2) 
phasi  aiiirh'  of  A'  and  }',  talmlated  in  lahh-s 
I(ci  to  (k)  (e(|.  in  ref.  2) 
phase  an.irh'of  T.  talmlated  in  tables  l(ei  to  (k). 

6.,.-tair'(  /'  )'O<0<^ 

V  cot  8— a  /  2 

cotit  ruction  para  met  (>r,  (-lili 

shear-wav(>  inelitiatioti  ahead  of  eontraetion. 

t>  — tan”'(y‘  tan  8^ 

sh('at  -w  avc  inclination  ahead  of  slioek  tsec'  (ifr.  2) 
slu-ar-wave  itielination  hehind  shock  (siu'  fi<r.  d', 
8'  --tati"'(m  tati  8) 

sound-wave  inclination  lieliind  shock  (si'c  (ijr.  d). 
9"  =  - 

9'-cot-'|3,,. 


critii-al  \  aliie  of  fl  foi' w  Inch  IF  speed  ,if  sound 
wave-nnmher-  \cctor,  £  k,.  k.,  k, 

screen  |)aiainetc|-,  p  1  •  a,  ■  K 
serein  parameter,  r  1- 
sejiaration  of  two  points.  J  ^  j 
function  talmlated  in  table  1  (delined  in  ref.  2^ 
transfer  function  for  sound  wave's,  jj 
density  iierturhation 
mean  density 
temperatiii'e  iierturhation 
mean  temperature 

perturbation  \elocity  spectrum  tensor  ispeeial 
case  of  |a)3] (^)  1 

common  lonfritiide  anirle  of  wave  iiormals  k,  F, 
j/ .  k”  in  iiolar  coordinates 

f  f  ..  (COS0'--1  -'d„  i^in  s'l  1 

transfer  function,  X -V  II 


transfer  function,  T  II 


(sin  8'  •  1 -'p,f  <'os  8' 


II  \.t)<8<8r. 


-0. 


ifi  acute  anc'l''  between  obli(|ue  shock  and  upstream 

How  direct  ion 

,Subseri|)ts: 

rt, may  stand  for  a.  r.  ii\  ji.  p.  or  r 
i.j.  Ill,  II  may  stand  for  1.  2.  or  d:  used  to  replaci'  a  and  d 
when  II.  i\  If  arc  ri'plaeed  by  a,,  a,,  a,,  re- 
spi'ctively 


Superscrijits; 


complex  conjmrati' 

lefrai  ted  shear-entropy  wave 

sound  wave 

dist inenishiiiir  mark 


APPENDIX  B 


(O.MPLETE  VELOCITY  .SPECTRUM  TENSORS 


'Pile  first  and  the  sum  of  tlu*  seconil  and  third  diagonal 
terms  of  the  spectrum  tetisors  of  the  velocity  field  behind  the 
slioek  are  obtained  in  the  text  by  use  of  a  simjilified  approach. 
Other  terms  are  occasionally  of  interest:  for  example,  the 
separate  values  of  the  second  and  third  dia>ronal  terms 
are  needed  for  a  description  of  anisotropic  turhuleiice.  The 
complete  spectrinn  tensor  for  each  field  (turbulence  and  noise) 
will  be  derived  herein  by  a  more  comprehensive  procedure. 

Turbulence  field.  It  will  be  convenient  to  replace  the 
symbols  u,  r,  tr  by  i/i,  iiy.  1/3,  and  to  replace  a  atid  0  by  i.j. 
which  take  on  the  values  1,  2,  and  (1  instead  of  11.  r.  and  ir. 
With  this  notation  and  the  use  of  e(pinlinns  (S),  equations 
(10)  can  he  transformed  to 

ilZ\--XilZ, 

ilZi^-  (}'—  \  )i!Z,  cos  ip  i  i/Z, 


ilZ'x  ()’  I  )ilZr  sin  V?  •  ilZi 

lly  introduetion  of  the  jreonietrie  relations  (fifis.  1  and  2) 


i/Z,  tan  8 


all  three  equations  may  be  ii'prescntcd  by  the  siiifjle  expres- 


iiz:- A' dZ, «„+[()■  -  l)(-^‘)^)  '/Z.ydZiJd  -6,.l  (B2) 
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I'  :  'I 

\ii. .  ^  1  j 


Miilliplioalioii  of  tlu'  ('oiii|)lc.\  coiijiifrali'  of  <‘<(ualioii  (B2) 
l)\  till-  corii'siioiKlinj;  (•(pialioii  willi  siilisciipt  j  and  l>\ 
yields,  aflei-  ax'eiaeiii}', 

k-',ilZ'*ilZ'j--  k-\  X  -  </Z,  -5,, 5, ,4  (1  -5,,)n  -  a,,).' 

[k-ik-,k-,  }'-l  k1,IZf,IZX 

k-,k-,k~(l-  y*]ilZp/Z,-r  k-,k-.k-i<\ -  )')<//., </Z*\^ 

5., (\  --  S,,)X*\k-,k-,k-i{\  )’)  f/Z,  -  r  k-UIZpkZ,]  r 

1., (\-i,,)X\k-ik',k-i(\  Y*)  ilZ,  -  r  k-yiZ,ilZf\ 

Now,  if  in  e(piation  (lo)  the  syintiol  for  tlie  spectral 
tensor  is  eliaiifred  fi'oin  cifi  to  the  more  conventional  synihni 
<!>,,,  applieation  to  ecpiation  (lilf)  yiidds 

-  (1  -^n)(l  -a, ,)(/■; >'-l  -<K  ■ 

k;k-,k-i{\~y*)<t>u  ^  - 

tfi/l '  tt'l'h:,!  j-  (lU) 

'Pile  ('lemetits  of  the  t nrlmletiee  speetrmn  tensor  'h,v  may  lie 
exliihited  iti  ('X()anded  matrix  fortn: 

.v.'r„  ,v  [t,(,-,s;ii -I'l '(■Hi- 

<■1 '•’'■I  I 


tit;  )■-  I-' 


Alts;  (i-K'i'ri.+  o-r'oi',.+ 


tiAA-;  II  -  )’i  -ri.  All,  ii  -  )  i  'f,'; 


'iMt'.;'.:,  )'-i  f 


Alt, A:  11  -  l’'i  -h  -t 


AiA  a;  'I  )'1  ■!■, 


the  I'oinplex  eonjueates  <if  the  respeelive  element'  diayon.-dli 
opposite;  that  is,  'll*'  il'J^,  and  so  forth 

It  can  he  shown,  h\  use  of  the  eoiitimnlv  relatiun  /.  'f> 
k-,<t>,,  II  tsiimmed  over  repealed  indexi,  that  after  'Oiiie 
rediiel  ion 


(d’h-  't'Lih/k- 


■  (  >■  '■ 


I  •  I'i,  '//:■ 


in  afrre<‘ment  witli  the  second  of  etpialious  i2',ii 

Noise  field.  Willi  use  of  capiat  ions  iBli,  the  three  eipia- 
lions  III)  may  he  represented  hy  the  sinoie  expression 

ilZ",  -  \  ilZ,d,i  T  ^  j  c/Z,  ( I  0,  )  lli.'ii 

whc'l'i-  aeain  the  sidrsei  ipls  1 .  2.  o  rejilaee  a.  r,  a-,  and  o,  H 
or  1  as  hefore.  Starting  willi  this  ecpiation.  the  speetral 
tensor  may  la-  ch'lived  in  a  si raiehl forward  manner  h\  a 
|)roeedme  parallel  to  that  leadinir  from  ecpiation  iBJi  to 
(H4I.  'Pill'  rc•snlt  is 

‘^,l  'W'  X  ■  1^1 ,6]  •  T  ■  ^  'll /  'll  6. ,  It  I  5,1 

X  T  |5o !  I  Oj ,) /'.  ■  5] , ( I  (5) ;  j I  ^  (  Btij 

t'Phe  valid  raiiire  of  this  i>cpialioii  has  lieeii  limited  lot/,,< 
^  il  tan  f),.r  )  hy  nsc'of  till' simplilieatioii  xT*  X*T 

X  T  .  wliicdi  fails  outside  that  ramre.i 
'Phe  i“xpandi‘d  foi  in  of  ecpiation  (Bti)  is 


-  X  rk\k  .k  i 


•Iv/r  =  p  -  x,iT Jt-./iN/H  T  ■'/•i/i 


X  T  k\k\ki 
T  -k--k-.k-. 


X  r  k-,k-,ki  -  T T -k'ik-i 


'Pile  diaironal  Icm  iiis  \  ielcl 


y’u'lk-"  X  -Yu  :1k- 


<fi', )(//•"  T  '  ,  'h,,  ,1k- 


'Pill'  matrix  is  Heiinitian;  that  is,  the  missmj;  elemi'iits  are  since  k'Y^  k'-  hy.  these'  are  in  !n,rrc'i'nic'iil  wiili  I'cpialions  Cftl) 

APPENDIX  C 

CALCTILATIONS  FOR  AXISYMMETRIC  INITIAL  TURlUILENrE 


If  the  turhnlc'iiei'  in  the'  settlin';  ehamhi'r  of  a  siipc'isonii- 
wind  tnnni'l  is  ('onsiderc'd  to  he  isotroiiie,  hy  the  time'  it 
rc'ac'hi'S  Ihi'  workin;;  sec'tion  it  will  he  axisynimetric',  with  the' 
lon);itudinal  veloc'ity  ja'i'tiirhations  very  imic'li  less  than  tin' 
lateral  perturhations;  the  c'lianfic'  is  due  to  tin'  I'ffec'ts  of  the 
damping  screens  and  tin'  c'ontrac'tion  (refs.  0,  i;t,  and  14). 
'Pile  slioc'k-intc'raetion  hi'fiavior  for  a  fiartic'ular  ('use  of  ex¬ 
treme  axisymmetry  will  he  ('alc'iilated  heri'in  as  a  matter  of  i 
interest. 

Aceordiiig  to  referenei'  14  (with  a  slifrht  c'hange  in  nota¬ 
tion),  if  tin-  longitudinal  spec'tral  densil\-  in  the  settling  «'hniii- 
her  (station  A')  is  writti'ii  as 


K-FiK)  cos- ()  (isotropic  turhnlc'iiec'l 

ihi'ti  tin'  longitudinal  di'iisiiy  in  the  working  sc'ci ion  (sialion 
A)  is  givi'ii  hy 

(i/mI  ~k-F(k)  cos- Of/' (())//(())  laxisymnic'trie  t  nrhiili'iiei') 

K'l; 

where  k  is  tin'  wave  numher  at  A',  O  is  the  assoi'iatc'd  wave' 
inelination.  A'  is  tin'  numhc'r  of  dam|)ing  sc'rc'c'iis,  fr’(O)  de¬ 
pends  on  the  serc'i'ii  pre.ssurc'-drop  c'oc'lfic'ic'nt  K.  and  //(O) 
(h'pends  on  the'  ])arameters  /,  and  li  ih'finiug  ihc'  wind-tunnel 
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contraction.  (Set'  appcndi.x  A  for  the  functional  forms.) 
In  what  follows,  A’=4,  K~'2,  /, --24.92,  an<l  4  —  (),.'1186.’ 
This  set  of  values  corresponds  (in  theory)  to  an  axisyni- 
metric  turbulence  at  station  .1  (just  upstream  of  tlu'  shock) 
sucli  that  the  root-mean-square  lateral  velocity  i-omponent 
is  :U5.1  times  the  root-mean-square  longitudinal  component 
(see  table  I,  p,  46,  ref.  14).  The  ratio  .46.1:1  is  clearly  an 
e.xtreme  deviation  from  isotrop.\'. 

The  effects  of  the  chanf;ed  form  of  [u«]  on  the  intt'pration 
procedure  will  be  illustrated  by  considering;  the  mean- 
square  longitudinal  veloeity  in  the  turbulence.  'I  he  relevant 
question  is  (.’>4),  with  [««]  being  given  by  equation  (Cl). 
From  th,-  form  of  I'quation  (Cl )  it  will  be  convenient  to  carry 
out  the  integrations  in  terms  of  k,  rather  than  the  Iran.s- 
formation  is 

~  Aa  cos  B  dB 

/i/n  “■  /i/j 


Equation  (H5)  then  assuinos  tho  form 


*) 


,,,  cos'  0' 
cos-  e 


I  k'C (K)f/i;  I  0 
Jil  Jn 


The  last  two  integrals  appear  in  the  I'xpression  for  it-,,  the 
mean-s(|uare  longitudinal  velocity  at  station  et'  (th<>  e.\- 
pression  is  of  the  form  of  I'q.  (.57)):  tlius,  e(pjation  (('2)  may 
b(‘  simplifii'd  to 


4/2  \  T"'.  cos'  0' 
7S~W2/Jo  "  (•os'0 


(?'  //  cos'BdB 


((’4) 


The  variable  of  integration  ma.v  lie  changed  from  B  to  0  by 
means  of  the  transformation 


dB=- 


1  cos' B 

^  7  ODS-’  0 


</0 


This  results  in  the  alternate  form 


4/2  \  F"'  „  ,  cos'  0'  pxrr  cos'  B  cos’  BdB 
Sf“wr/Jn  ‘  ■  cos' 0  ^  (-os' 0  ^  , 


(C4) 


On  numerical  evaluation,  the  inti'grand  of  equation  (C4) 
was  found  to  have  a  shaq)  peak  near  tlie  upper  limit,  and 


that  of  (('4)  a  sharp  peak  at  the  oiigin.  The  jieaks  wei'c 
avoided  by  dividing  the  iang('  of  nunieiical  integration 
among  the  two  equations:  (C4)  was  used  over  the  range 
0</B</B|  and  (C’4)  was  used  over  the  langc  5°<0<9l)°, 
wiiere  B,  is  the  vabn‘  of  B  corresponding  to  0  =  5°. 
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